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ABSTRACT 


Variable star 1 H. Cassiopeiae; photometric study.—Observations during 1917-1921 
with a photo-electric photometer show that this star is an eclipsing variable. The 
primary and secondary minima have ranges of o“132 and oMo32 respectively, each 
with an interval of constant light showing that the eclipses are annular or total. 
From the light-curve are derived the elements of the binary system (Table IV, Fig. 3), 
which are in good agreement with the Allegheny spectroscopic results. There is, 
however, a discrepancy in the phase and duration of the secondary minimum which 
points to a motion of the line of apsides, and which in view of the high eccentricity, 
e€=0. 25, could be readily verified by a new determination of the spectroscopic elements. 
The density of the smaller and fainter body is probably seven times that of the primary. 

Darkening at the limb of a star of spectrum B3.—This star furnishes an unusually 
favorable test for darkening at the limb, as there is an annular eclipse by a small 
companion; but the results indicate that there can at most be only a small fraction 
of the amount of darkening which is present in the case of the sun. 

Comparison stars, 1 and o Cassiopeiae-—These have been found to be constant 
in light, within perhaps oMor. 

Photo-electric photometer for stars.—The precision which may be reached is indicated 
by the residuals for seventy-five normal magnitudes, which give the probable error of 
one normal = +0™o036. 


The variation of 1 H. Cassiopeiae (B.D. 57°2748, H.R. 8926, 
magnitude 4.89, spectrum B3), was detected with the photo- 
electric photometer in 1918.'| The spectroscopic orbit by Baker’ 
depends upon plates taken in 1908 and 1909, and the period, 

t Publications of the American Astronomical Society, 4, I15, 1919. 

2 Publications of the Allegheny Observatory, 2, 28, 1910. 
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6.067 days, was derived by comparison with several Yerkes 
observations in 1903. In our searching for an eclipse some ten 
years after the spectroscopic measures it was not surprising to 
find the star faint at a phase nearly half a day before the prediction, 
which difference after more than six hundred revolutions could 
be due to a small error in the assumed period. The photometric 
observations of this star have been continued at times during four 
seasons, and it is found that there are primary and secondary 
eclipses of o“13 and o“o3 respectively, also that the eclipses are 
annular and total, which facilitate the derivation of the elements 
even though the light-range is so small. 

1 H. Cassiopeiae, No. 12405 in Burnham’s General Catalogue, is 
listed as a wide multiple star with no fewer than eight components, 
but of these the combination AB is all that is measured through a 
diaphragm of the photometer which limits the field to 72’’ diameter. 
As B is more than four magnitudes fainter than A, the effect of the 
former is almost negligible. 

There are two good comparison stars available: 

H.R. 8797, 1 Cassiopeiae, magnitude 4.93, spectrum Bo 

H.R. 9071, o Cassiopeiae, magnitude 4.93, spectrum B2 
As these are on either side of the variable, it is found that the 
differential visual extinction between 1H. and the mean of the 
two stars is less than o™oo4 from 20"o to 4"o sidereal time. Thus 
for eight hours the stars are in good observing position, and there 
has been no suspicion of variability of either 1 or ¢. From favor- 
able measures of the comparison stars it is found that the photo- 
electric difference, 1 brighter than a, is oMo1o+o™ooz2. 

In Table I are given the photo-electric observations of 1 H. 
Cassiopeiae. The first date is September 10, 1917. The times 
were reduced to the sun and the phases computed from the elements: 


Minimum= J.D. 2422586. 492+6%06630: E. 


The difference of magnitude is in the sense 1—1 H., a positive 
sign meaning that 1 H. was brighter than 1. Unless otherwise 
noted, each difference is the mean of three sets of four readings 
each on the variable and comparison star, the latter being 1 Cassi- 
opeiae unless o is in the last column. The designation (1, ¢) is 
given to the few sets where the mean of 1 and o was used. 




















THE ECLIPSING VARIABLE 1H. CASSIOPEIAE 83 
TABLE I 
OBSERVATIONS OF 1 H. CASSIOPEIAE 

Date, G.M.T. Phase 1—1H. |Remarks!} Date, G.M.T. Phase | 1—1H. |Remarks 

2421482.812...| 04390} +oMo29}....... 2422525.888...| of059] —oMog6]....... 

1463.805...] ©3651 ° .O30]....... 2528.859...] 3.030] + .028) 2 sets 

1837.733.--| 3-464 -003]] pe. 2530.828...| 4.999 .030] (1, a) 

1845.683...| 5.349 .006 jected 2531.710...|/—0.185 ee 

1924.657...] 5.461 .O10 72%...) "8.198 dl eer 

1927.631...| 2.368 eee -J39.. [0.39 — COG... 00% 

1928.567...] 3.304 .020] 2 sets - 749... 10.140] — .020)....56. 

1932.615...} 1.285 . See .766...[—O.129] — .042)....... 

1939.538...| 2.142 Se 790... O. TI — .OFG... 020% 

1943.512...] ©.096, — .T00)......; -792...|—0.1031 — .oB6)....... 

; 0 OTS — MP... 2025 .803...|—0.092] — .ogsj....... 
: -S40...| 0.067] — .@601.......- .829...]—0.066] — .100) (1, ) 
: 7s... O50) = OF8...5..; .842...]—0.053] — .102] 1 set 
: <$e%..+] @O.28 — .O0....... 2533-765...|+1.870 + .043]....... 
60t...| @.199] —~ .@296)....... 2534.774..-| 2.880) . 

MOTS...0) O.259, — OOM. «065 2539.778...| 1.817 eer 

.629...1 @.307] — .603]....... 2540.768...| 2.807 .037| 4 sets 

. 642...1 ©3800) + .O89)....... 2553-7909.--| 3-707 . ee 
4 .659...| ©.197 Ms a6 <5 800... §.729 ee 
i -674...| ©.252 ere ON0.+- 3.95 — COB k css 
1967 .498.. .|—0. 230 . reer -06%...] 3.700 4+ .eme....... 

.§22.../—0. 206 . ne .886...] 3.794] — .or4} (1, ¢) 

| .§37-..1-O. 19% .O13] 2 sets 2554.933..<1 @-G88 FS .O9G. cass 
-§$§2.-.1—-O. 277 ere ag... goes | 

-568.../—-0.140] — .028]....... 2558.810..-| 2.652 OR sence 

.604...]—-0.124] — .o58]....... 2561.756...1 5.598 re 
1976 .572...|-+2.776] + .o16]....... .767...| 5.609 . 

1979.556...| 5.760 . eee 2566.766...] 4.541 Mins eas 

1983.517...]| 3.655 . eee 7... 2000 ae 

-§30...] 3.668) — .003)....... 2567.772..-| §.547 Cee 

1988.553...| 2.6241 + .O25]....... 2573-749.--| 5.458 032] 2 sets 

1990.537...| 4-608 eer 2580.640...] 0.217 a 

; .568...] 4.639 ee .6St...1 ©.293m re 
} 2307.493...| ©@.O83] — .100)....... .671...] 0.248 cee 
| -SI%...] @.07%] — .O9S]....... 2583.754.-.-| 3-331 er 
-$3e...) ©.695] — -oBl....... .769...| 3.346 eee 
S47... @.107] — .O701....... 2584.719...| 4.296 | 

-500...] O.146) — .023)....... -73S...1 4.908 OO 

SO. ..8 DSR ty .O8S....... 2585.766...] 5.343 cS eee 

O8t....3 @. 301 ee -765...1 §. 908 ee 

: 637...) @. 207 ier 2586.578...| 0.089] — .1os|....... 
j 2313 .404...|—©0.012] — .oB8)....... .622...]1 ©.1391 — .OT1G....... 
1 .501...]—0.005] — .083| @ .662...] 0.173] + .o14)....... 
-542...|4-0.036] — .o83]....... -7%0...4 ©.38f eee 

-S5r...] ©.0451 — .095 o -764...] 0.275 Meeaes 

2537.702...| 4-000) - .O8SI....... .798...] 0.309 ee 

2524.828...] 5.065 . ee 2589.659...] 3.170) Pn 

2525.730...1—- 0.0991 — .OOT]....... 2592.578...| ©.023] — .076)....... 

744... 17° O0BG — .f051....... -§03..-| ©.0381 — .O94]....... 

.785...|—0.044] — .107] 2 sets .636...] ©.081] — .OO7]....... 

A ee ee: 760. .:1 B.S — OSE. .0c00 

-8t4...|—0.085] — .102]....... 7a8..4 O:598 + 008:..5..5 

.825...1—-0.004] — .150]....... .739...| 0.184 ME os a%ss 

.836...|--0.007] — .o8s]....... 2593.692...] 1.137 Mass <8 

.853...] ©.024] — .094] (1, ¢) -708...] 2.353 . eee 

.876...| ©.047] — .IOO}....... 2595.685...] 3.130) Mo s6ons 
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TABLE I—Continued 












































Date, G.M.T. Phase 1—1 H. |Remarks Date, G.M.T. Phase 1—1H. |Remarks 
2422595.722...| 34167] +OMo4go}....... 2422613.737...| 2%983/@+oMo27]....... 
2590.040...| 4.091 ee 740.. 2.986] -043 og 
O57... 4.902 MS oe scs 2614.572 | 3.818 ME aie oc wx 
$500.072...:| 6.G90, — .TEQ....... eee. « 3.823 .OO0O| @ 
-7OO..-| 0.078] — .o84]....... 2616.578...]/—0. 243 . an 
2599.683...| 1.061] + .o28]....... . $82. ..[—0. 239 .030 o 
694...| ¥.072 Sr 601. ..|-—0. 226 ren 
2601 .685...| 3.063 ee 604. ..|—-0. 217 .O31 o 
.698...] 3.076 re .62 —0. 107 . a 
2603 .634...] 5.O12 . ee .626...|—0.195 038) o 
644...) 5.022 ee 647.../—0.174 . 
2604.537.--|—O.151 : re 650... .|—0.171 .co6} o 
BE oe | ee (Ong. «.p—O.190 — .O069)..5.... 
ks +t O.398 = ORF... +55 .687...|—0.134] — .031 o 
ee ee ee ee ce. <5. SS — OG... ..% 
-500...1—0.692] — .O74)....... -708...j—0.113] — .073] o¢ 
-608...|—0.080] — .og6]....... -725...1—0.0906 — .o84]....... 
055. -1— 0.090, — .GOSI....... -729...|—0.092] — .o88 o 
{000.....1—-O.620) — .OB0)....... <753...1- 0.000 — .OO%)....... 
-691....1--O.603] — .IIQ]....... .758...|—0.063] — .093 o 
OE. 8 OME — .8OF. 2. 00% .770...1—-@.045] — .O8sj....... 
-722...| ©.034] — .IOS]....... .781...|—0.040] — .100 a 
733...) G05) = -OBB).:..... 2618.640...;+1.819) + .o13]..... 
. oe ao ee .644.. 1.823 030; @ 
TOO ..1 CO. — . TEM... 6.0% 2619.578...| 2.757 eee 
960¢.621...| ©@:933| + .028)...... Sa8...1 2.90% .047] o 
.630...] ©.942 ere 2626.579.. 3.692 020} 2 sets 
2606.709...| 2.021 FUE a aiiains .583...] 3.696] — .007\, 2 sets 
a) oe oe ee -599...| 3-712! + .oo1| 2 sets 
2607.628...] 2.940 eT ee .606...] 3.719] — .005\c, 2 sets 
.644...] 2.956 ee 2627.586...| 4.699] + .052]....... 
2608.524...| 3.836 , | «$90...1 4.903 .045) o 
MO8...4 2-875] = -GOEh......- 2628. 592.. 5-705 -032| 2 sets 
8 OG wisi os ~596...] §.700 .02Q\¢, 2 sets 
-620...1 3-922 O00)... ... 2632.592...| 3.639 c* 
8G;..1 S$: — .OEF....... SOD. s 3.686 O13 o 
G6s...| 3-057] + -OOS]...... 2633.600...} 4.647] . ee 
-654...| 3.966 rer .603.. 4.650 .047 o 
.667...] 3-979 | er 2640.693...| 5.674 . ee 
.678...] 3.990 . .698...} 5.679 .045] o 
.694...| 4.006 .023] (1, ¢) 2641.563...| 0.477 CS ae 
.708...| 4.020 SER cic cicusra .§67...| 0.481 .042]} o@ 
-718...] 4.030 re 2042.658...5 1.472 ME isa ox 
<7R7. 04 @-O90 eer x ae 1.476 OSI o 
-FSE...4 4-003 ye 2647.541...| 0.389 ae 
FES...1 @-O0g -045 o 67...) @.306 .O31 o 
«770... .| 4-082 . 2648.615...| 1.463 ce 
773...) @-885 .042 o .620...} 1.468 .063] o¢ 
705..1 |.107 ee 2656.637...] 3.417 er 
90.5.1 4. Ex .048 a 062...1 2.882 .047| @ 
2609.608...} 4.920 re 2699.521...| 3.836 ne 
Ot2...1 4.934 .048 o .524...| 3.839 .CO0Oo|} «a 
2610. 723... .j—0.031] — .Opdi....... SSS...) 3.00 — COG... 20+. 
-730...|—-0.024] — .118 a -§50...] 3.8781 + .O8F ¢ 
956... ©:000| — .607].....% mt, 3.893] — .oo6j....... 
765... .[-7O.08T| — .103 a .§82...] 3.897] + .037] o 
<78t...1 6.087] — .O9T)....... Gor...1 3.086] — .@0T]....... 
+ JO5.<.| ©.03%| — .092 o .604...] 3-910] + .027], o 
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The normal magnitudes in Table II were formed in the usual 
way, each normal being ordinarily the mean of three observations 
from Table I. The residuals give a comparison with the computed 


Diff. of 
Mag. 
+0.05 


.0o 





Days ° I 2 3 4 5 6 
Fic. 1.—The light-curve of 1 H. Cassiopeiae 


Days 3.51 3.6 §.971 3:82 3.98 '4.08 a 
Diff. of 
Mag. 








+0.05 ° 
























































bold 


Days —0.30 —0.20 —0.10 0.0 +0.10 +0.20 +0.30 





Fic. 2.—Primary and secondary minima of 1H. Cassiopeiae. Broken line for 
secondary is computed from spectroscopic elements. 


light-curve which is shown in Figures 1 and 2. From all the 
residuals is derived 


Probable error of one normal magnitude = +0“o0036. 
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The constant light at each minimum shows that each eclipse 
must be either annular or total. As there is little variation between 
minima the bodies are presumably too far apart to show the effects 
of radiation and ellipticity of figure which are often observed in 











TABLE II 
NorRMAL MAGNITUDES 

Phase 1-1 H. Residual Phase 1-1 H. Residual 
Se +o™Mo23 | —oMor2 || 14192............ +oMo043 | +oMoo8 
re ee Ud err -039 | + .004 
— reer MEET = ORT BG en 6 cece cine 043 | + .008 
rr toe ff). eee 029 | — .006 
oe | rT .O12 | + .Oo1 = ee 037 + .002 
eee = .609 | + .005 |] 2.568. .......60.. .027 | — .008 
PMs sae > 2's Sm = 060 | + -006 ff 2.708..........%- .038 | + .003 
ee — .044 Ct re -039 | + .004 
CBOs 5014-0 0-00 6000 = 65 | — .CO8 i] 2.075... ......... 0360 | + .oor 
CONG Goo 040<s0' = 76 Tt — O05 B S.O80. «00. cceees .O31 — .004 
SS = 0901 — .0O5 I] 3.%50..........4. 035 000 
WOGOO. 0 cc ceccess = 00)  .GOE Fh S.327....sccccee- 029 | — .006 
. = 090 | + COE fH] 3-420. ..... 206006: .028 | — .007 
MM 6604004004 = .@03 | + .006 f] 9-646..........;. .o18 | + .oo1 
TOMI. 5 0.4:50 6080 = 05 t — $00 TF S065... 550 00-05- 003 | — .005 
ee — ae | = (008 T'S. 91S... ..assinos 004 | + .oor 
ee ee = 005 | + -GO8 Tl 3. FOS. 005-0 ceses — .oor | — .004 
ee — £699 | — .O02 f] 3.68S.......0.06. + .007 | + .004 
ie. SOS ae: tt  . . eee .004 | + .OOI 
IR iaiv see oes = ME Ee SO ESSE. oe ices .OOI — .002 
Ws vec toveces — ,006 | + .003 ff 3-80T......c005-- .OOI — .002 
, Sree — G00 | + 1007 7 3.098... ...cecee .003 — .003 
ee — 096 1 — .OOf ff 3.007.....0.0se0% -013 | — .002 
er = .303 | — .006 I] 4.005..........+. .024 . 000 
re — 903 | — .O060 Tf 4:64... 220.0525. .029 — .003 
Is ioe 00056 — .007 MRT BATE. cs ce ecasces .040 | + .005 
MEG Gheines cece — .092 | — .002 f] 4.006. .......205. .036 | + .oo1 
MR gsc « e604 =e NS TS 8 F BATFE. wc cicccccs .043 | + .008 
ee — .@62 | + O00 t] £.470........6.. .032 | — .003 
eee — O85 | — 005 7 4.620... .. 4.5.00... .032 | — .003 
ee > .08¢ | + 008 F 4-660. .... 2.6556. .046 | + .or1 
re . oe nl | ee .042 | + .007 
I Sic previews . ie Le re .039 | + .004 
frre .035 Cy ee rr .032 | — .003 
ee O90 1 = .O06 Th S.650. «5. cc ssccee .037 | + .002 
MN cinerea. pie wis 6050 1 te O08 TH §.627. <2... ccccess .026 | — .009 
re oe ae 2 re .035 .000 

eer .035 . 000 























close binaries. From the observations between minima we have 
the constants in Table III. It is to be remembered that these 
constants are the actual observed quantities, and include the light 
of the visual component B, which is assumed to be 4.4 magnitudes 
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fainter than A, and hence gives 1/60 of the light of the eclips- 


ing system. 
allowed for. 


In the further work this extra light has been duly 


Preliminary circular elements were found by Russell’s method, 
and then the transition to an elliptical orbit was accomplished in 












































TABLE III 
Magnitude | Range Light Loss 
nee SPE Ae ciscwcanaes CR. Bo iciacteknns 
Primary minimum........ —0.007 oM132 0.886 O.114 
Secondary minimum....... +0.003 | 0.032 0.971 0.029 
TABLE IV 
ELEMENTS OF 1 H. CASSIOPEIAE 
Photometric Spectroscopic 
PN: DP, ORR sb deo stoke ceene dy escteene 8224.822 8224.798 
a ERE er ree P 6406630 64067 = 040005 
Phase of secondary minimum.........]......... 34981 3489 
Time Of POTENEIOOR...... «5.62 60s sees T —o45454 — 11936 
Longitude of periastron.............. w 37°25 3°35 8°17 
REE SEARS rare eres e 0.25 ©.2240.025 
Compound of eccentricity............ e cos w 0.199 0.224 
Ratio of radii of bodies.............: k WG, Be ccchaneionnan anes 
Laget of fret DeGy. .......... 02.055: Ly CM Weksins se eedtsnnees 
Light of second body................ L, CO! Bis cacavasy anew dn 
Ratio of surface brightnesses.........| J:s/J2 ae) © BC ode ca ee eee eps 
Radius of first body................. dt ee ee ee 
Radius of second body............... az og Ren Ree rae 
Cosine of inclination................ cos i eA Se oe ere 
Mean density of system............. po eS ee eee ee 
Assumption, m+m =10© 
| Sun=1 
er | my oe BIR SNE Resonate oe Foe 
Mass of second body................ mM, | “SB Cee ere ee 
Radius of first body................. ay Se 9 EGaevaxndesnseneeee 
Radius of second body............... | Ge BM... Teanddsscectevesess 
Density of first body................ pr WM? Bice sles canwnin en 
Density of second body.............. pa Oe * Biecucccscancenevents 





the manner indicated by him, except that the square of the eccen- 
tricity, e=o.25, may not be neglected. However, only a couple 
of trials were necessary to secure a satisfactory approximation. 
Complete elements were derived from the light-curve so as to 
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have an independent set for comparison with the spectroscopic 
results. 

From the light measures alone there are two solutions, one 
with a small faint star, k=o.346, in front at primary minimum, 
and the other with much greater difference in size, k=o.18, and 
with total eclipse of the smaller and brighter star at primary. ‘The 
greatest difference between the corresponding light-curves is only 
o™“oo3, and we must depend upon the spectroscopic evidence for a 
decision. This is quite definite, for there is only one spectrum 
visible on the plates, and it is that of the component which is 
eclipsed at primary minimum, when only one-ninth of the com- 
bined light is lost. The second solution is therefore impossible, 
and we have a system in which the large star is the more intense, 





© The Sun 
Fic. 3.—The system of 1 H. Cassiopeiae 


while the companion has about one-third the diameter and one- 
fourth the surface-brightness of the main body. The photometric 
elements, together with a comparison with the corresponding 
spectroscopic results, are in Table IV. 

The light elements in Table IV are represented by the system 
in Figure 3, and the final light-curve was computed rigorously from 
the positions in the elliptical orbit and the geometrical relations of 
overlapping disks. 

In comparing the photometric and spectroscopic results we 
must remember that in the nature of the case the two methods are 
of different relative advantage, depending upon which element is 
concerned. ‘Taking up first the time of minimum, the difference 
of 0.024 day corresponds to less than 2 km/sec. in the velocity- 
curve, a very good agreement. The period is much the better 
determined by the light measures, as the change during increasing 
or decreasing light at primary is quite rapid. In the phase of sec- 
ondary minimum there is a large discrepancy, shown in Figure 3, 
and it is quite impossible to bring the two results into agreement. 
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The time of periastron T depends upon the adopted value of w, 
and need not be discussed further. 

The elements e and w are fixed by the phase and duration of 
the secondary minimum; in particular e cosw is very accurately 
determined by the light-curve, and the photometric result is here 
of much greater weight, though it differs from the spectroscopic 
value by just the probable error of the latter. For the other 
component, -e sinw, we should expect the spectroscopic measure 











TABLE V 
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to be superior, but for w= 3°35 the secondary minimum should be 
almost of the same duration as the primary, whereas this seems 
quite impossible in the light-curve. I have computed a velocity- 
curve using the photometric values e=o0.25, w= 37°, together with 
the semi-amplitude K = 58.5 km/sec. found by Baker. This curve 
differs on the average from his by about 5 km/sec. and increases 
the sum of the squares of the residuals to about threefold the 
value in the original. Consequently, unless there is some unknown 
source of error in the velocity measures this alternative orbit must 
be ruled out. 

We therefore seem forced to the conclusion which perhaps we 
should have assumed as true in the first place, namely, that the 
line of apsides is rotating. This explanation has been overworked 
to account for changes in the periods of other variable stars like 
Algol, but, as has been said, it would be more surprising if the 
major axis of the orbit were stationary than if it were in motion. 
Fortunately there is no particular difficulty in the case of this star. 
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The eccentricity of 0.25 is the largest of any eclipsing system that 
has come to my attention, and a new series of spectrograms should 
easily determine whether or not there is any change in the orbit. 

The remaining elements of Table IV down to the masses were 
found in the usual way. The spectroscopic mass-function, 


m3 sins 4 

(m,+m,)? 
combined with a reasonable assumption for the total mass, m,+m.,, 
gives the actual masses and dimensions of the system. It is well 
known that the average star of spectrum B3 is more massive than 
the sun. Russell" found for the total mass of systems where the 
brighter component is of spectrum Bo-Bs the following averages: 


=0.12, 


Number of Stars Mass 


Spectroscopic binaries................ 13 17.50 
Ne oon Keim Nek Seas 8 10.40 
From parallactic motions............. 36 7.10 


He made an allowance for the probable average inclination of the 
orbits. In Ludendorff’s list? of spectroscopic binaries with two 
measurable components, nine stars give 


(m,+m,) sin’ i=10.5 ©. 


It therefore does not seem much of an exaggeration to assume that 
the system of 1 H. Cassiopeiae has the round figure of ten times the 
mass of the sun. If it be objected that there is an observational 
preference for spectroscopic binaries of large velocity-variation 
and hence of large mass, it is still true that 1 H. Cassiopeiae is 
simply one of these stars for which there is such preference. In any 
event, since the hypothetical dimensions vary as the cube root 
of the assumed mass, we have a good approximation as to the 
scale of this system. 

It is to be noted that the companion is much more dense than 
the primary; in fact, the formerly used assumption of equal 
density for the components of a close binary would give with the 
spectroscopic mass-function a total for the system of nearly two 
thousand times the mass of the sun. 

* Publications of the American Astronomical Society, 3, 327, 1917. 


2 A stronomische Nachrichten, 211, 105, 1920. 
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DARKENING AT THE LIMB 


The observations furnish a very good test of the darkening at 
the limb of the brighter star. It is evident from Figure 2 that 
there is no measurable variation during the annular eclipse at 
primary minimum, whereas by close approximation it is found 
that for a completely darkened star the difference would be o“o033 
between internal contact and conjunction. For the sun Abbot 
gives the intensity at the edge about one-fourth that at the center, 
measured in light of 4560 A, which is close to the maximum sensi- 
tivity of the potassium cell. For a star of this degree of darkening 
the variation during the annular eclipse would be o“o26. LEijther 
of these amounts of variation should be easily detected, as there 
are fourteen normal magnitudes during the constant light, with a 
probable error of one normal equal to +o™oo23, or more than ten 
times smaller than the quantity to be observed. 

. It seems therefore that there is no evidence whatever of darken- 
ing at the limb in this star of spectrum class B3. Since the darken- 
ing effect is conspicuous for the sun, it seems plausible from this 
result and from other considerations to expect that there is progres- 
sive darkening in the spectral types, ranging from almost nothing 
in the B stars to extreme effects in classes K and M. Fora number 
of years I have been trying to find an eclipsing red star, but as is 
well known there are very few spectroscopic binaries of short 
period and “‘late’’ types of spectrum. Somewhere in space there 
must be such a star which as viewed from the earth has a companion 
which will conveniently move across the disk of the primary, but 
the probability of the early discovery of such a case by present 
methods seems small indeed. 

I am indebted to Messrs. Elmer Dershem and C. C. Wylie for 
some of the observations described in this paper, and to Miss Iva 
Hamlin for many of the reductions; while any communication on 
photo-electric photometry should be ascribed in part to my col- 
league, Dr. Jakob Kunz, whose long collaboration in the physics 
laboratory was the preliminary to all of our work at the telescope. 
I also return my thanks to the Draper Committee of the National 
Academy of Sciences for grants in support of this and other similar 
investigations. 


UNIVERSITY OF ILLINOIS OBSERVATORY 
June 1920 











MUTUAL INFLUENCE OF FRAUNHOFER LINES 
By W. H. JULIUS 
ABSTRACT 


Dispersion theory of Fraunhofer lines —This theory, which assumes that the lines 
are almost entirely the effect of anomalous refraction and scattering, was developed 
by the author some years ago and led to the prediction and discovery of the mutual 
influence of neighboring Fraunhofer lines for which conclusive evidence is presented in 
the paper. The existence of this effect, not otherwise explained as yet, is considered 
by the author to powerfully support this theory. He concludes that anomalous 
dispersion is a most effective, perhaps the only, cause of the entire limb-center shifts 
and must, therefore, also produce center-arc shifts. If so the gravitational shift required 
by the general relativity theory may not exist. 

Mutual influence of neighboring Fraunhofer lines —Of the 866 lines for which the 
limb-center shifts were measured at Mt. Wilson in 1910 or at Kokaikanal Observatory 
in 1914-16, 128 have close companions which may be expected on theoretical grounds 
to influence their position. A study of the observations shows that there is, without 
doubt, a mutual influence equal, on the average, to 2/5 of the normal limb-center 
shift, a companion on the violet side causing an increase, a companion on the red side 
a decrease, of the shift. 

I. REMARKS ON THE INTERPRETATION OF THE SPECTRA OF 

CELESTIAL BODIES 


Since Kirchhoff’s brilliant discovery we have known that 
the dark and bright lines in the spectra of heavenly bodies reveal 
to us the presence in them of those elements which on earth are 
characterized by the same lines. The overwhelming number of 
coincidences of Fraunhofer lines with lines of spectra produced in 
the laboratory leaves no doubt as to the validity of this inference. 

By no means equally safe is the conception, tacitly admitted at 
the same time and accepted as a fundamental truth in astrophysics, 
that the bright lines of cosmical spectra are entirely due to specific 
emission, the dark lines to selective absorption, of light by the 
gases we recognize in the spectra. It was shown, indeed, in 
1goo' that bright as well as dark lines may also appear as a result 
of anomalous dispersion by refracting media, not only in laboratory 
experiments, but also under conditions very likely to obtain in 
large gaseous bodies. In 1904? we proposed the name dispersion 

™W. H. Julius, Proceedings of the Royal Academy of Amsterdam, 2, 580, 1900; 
Astrophysical Journal, 12, 191, 1900. 

2 Proceedings of the Royal Academy of Amsterdam, 7, 134, 140, 323, 1904; AsStro- 


physical Journal, 21, 271, 278, 286, 1905. 
Q2 
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bands or dispersion lines for this new type of spectral phenomena, 
and have since made them the subject of extensive investigations 
in the Physical Laboratory of the University of Utrecht.’ 

The wave-lengths involved in the production of dispersion lines 
do not in general coincide with those corresponding to the free 
periods characteristic of the elements constituting the refracting 
medium, but often differ so little from them that dispersion lines 
may easily be mistaken for emission or absorption lines, the more 
so as several causes are known by which real emission or absorption 
lines appear widened and slightly displaced. 

Various considerations concerning a great number of solar 
phenomena have led us to introduce the hypothesis that the 
irregular distribution of the different kinds of light on and around 
the solar disk is chiefly dependent on anomalous refraction and 
scattering, and that the darkness of the lines in the solar spectrum 
is almost entirely due to the same occurrence, so that we may 
presuppose that Fraunhofer lines are mainly dispersion lines. 

This hypothesis has of course met with severe criticism and 
opposition, for, if it should prove to be inevitable, many problems of 
astrophysics would appear under a new light and require remodeling.’ 
It was quite reasonable that these somewhat revolutionary ideas 
should be looked upon with skepticism so long as the observed 
phenomena could also be accounted for by current theories. 

As, however, the above-stated hypothesis recommended itself 
from many points of view, we have been in search of such phe- 
nomena as might easily be explained by it and would leave the old 
interpretation of the solar spectrum hopelessly inadequate.’ 

* Astrophysical Journal, 25, 95, 1907; Proceedings of the Royal Academy of Amster- 
dam, 12, 266, 1909; Astrophysical Journal, 31, 419, 1910; Le Radium, 7, October, 
1910; Proceedings of the Royal Academy of Amsterdam, 13, 881, 1263, 1911; The 
Observatory, 37, 252, 1914; Astrophysical Journal, 40, 1, 1914; 43, 43, 1916; Archives 
neerlandaises (III A), 4, 51, 150, 1917; 5, 116, 1918. Cf. also the inaugural disserta- 
tions by Dr. B. J. van der Plaats, Utrecht, 1917 (also published in Archives neer- 
landaises [III A], 5, 132), and by Dr. P. H. van Cittert, Utrecht, ro1o. 

2In the Astrophysical Journal, 43, 43, 1916, we have discussed the principal 
objections made, up to that time, against an extended application of anomalous 
dispersion in astrophysics. 

3 It may here be remembered that the general displacements of Fraunhofer lines 
toward the red exhibit certain features for which neither pressure nor motion can 
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Thus we were led to the discovery of mutual influence of 
neighboring Fraunhofer lines, a phenomenon required by the 
anomalous dispersion theory, but not explainable if Fraunhofer 
lines are assumed to be mere absorption lines. 


2. PREVIOUS WORK ON MUTUAL INFLUENCE 

The predicted effect depends on the degree of distortion which 
the dispersion-curve around a line suffers when another line is 
near:’ If such a distortion really gives rise to a sensible change 
in the distribution of the light in a line (manifesting itself as a 
small variation of the displacement of its ‘‘center of gravity’’), 
we may conclude that anomalous dispersion is the dominating 
factor in the production of the entire width of the line. The 
other assumption, indeed, that in the production of the lines 
anomalous dispersion should only be insignificant, or of secondary 
importance, would exclude the perceptibility of a universal effect 
caused by a mere distortion of the dispersion curve. We shall 
revert to this inference at a later stage. 

Considering the way in which, according to our theory, dis- 
persion lines originate and influence each other (as illustrated by 
the diagram in Astrophysical Journal, 43, 51, 1916), it is easily 
realized that we shall be dealing with displacements amounting to 
only small fractions of the widths of the lines. In a search after 
mutual influence the very best measurements made with the most 
powerful instruments had therefore to be examined. 

The result of our first attempt to detect the phenomenon in St. 
John’s measurements of the Evershed effect in sun-spots, although 
positive,? was not sufficiently convincing, owing to the difficulty 
of correctly estimating “‘normal”’ displacements. St. John,’ indeed, 





account, and only the dispersion theory affords a direct explanation free from addi- 
tional hypotheses. Such features are: the great disparity of the displacements on the 
one hand, and, on the other hand, the simple law connecting the displacement with the 
intensity of the lines when mean values of the displacement for each intensity class 
are compared (Astrophysical Journal, 40, 27-29, 1914; Archives neerlandaises [III A], 
4, 59, 1917). 

t Julius, Astrophysical Journal, 40, 11, 1914; 43, 50, 1910. 

2 Ibid., 40, 1, 1914; Archives neerlandaises (III A), 4, 51, 1917. 

3 Astrophysical Journal, 41, 28, 1915; Mt. Wilson Contr., No. 93. 
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concluded from his own measurements (supplemented for the 
purpose) that there was not the slightest indication of mutual 
inftence of Fraunhofer lines. 

‘Then followed two papers on the subject by S. Albrecht,’ in 
which it was shown that, in the general solar spectrum, iron lines, 
having close companions, are systematically displaced, in perfect 
accordance with the requirements of the theory of anomalous 
dispersion. 

We have called attention to the fact that this positive result 
was compatible with St. Jéhn’s above-mentioned negative con- 
clusion (which may prove untenable in future) because in the 
Evershed effect mutual influence is of a somewhat different nature? 
and generally will produce smaller variations of the displacements 
there than in the case studied by Albrecht, where wave-lengths 
of Rowland’s tables are compared with wave-lengths derived 
from international standards. 

In a paper entitled “‘Observational Evidence That the Relative 
Positions of Fraunhofer Lines Are Not Systematically Affected 
by Anomalous Dispersion,’’? St. John again vigorously defended 
the old standpoint. Controlling and supplementing by new 
measurements the work of Albrecht, he found the principal facts 
mentioned by that author generally confirmed,‘ but rejected their 
interpretation on the basis of anomalous dispersion. He substi- 
tuted an explanation according to which the apparent repulsion 
was considered to be due to systematic “errors” in Rowland’s 
wave-length determinations, occurring wherever close pairs of 
lines had been measured, and probably caused by inequality of 
contrast on the two sides of either line. This view he founded 
on the following observation. When remeasuring such pairs on 
negatives, specially prepared on Mount Wilson so as to give the 
clearest possible separation of the components, St. John found 
the alleged repulsions to be smaller or even absent. 

In our opinion this result furnishes no proof whatsoever against 
the real existence of mutual influence, because the method by which 


t Astrophysical Journal, 41, 333, 1915; 44, 1, 1910. 4 Ibid., p. 23. 
2 Julius, Astrophysical Journal, 43, 40, 1916. 
3 Astrophysical Journal, 44, 311, 1916; Mt. Wilson Contr., No. 123. 
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those “most suitable” plates have been obtained has very likely 
led to a partial effacement of the asymmetrical dispersion lines 
leaving mainly their cores visible, which are not displaced (the 
Larmor effect' being imperceptible). That an overestimation of 
the distance of the components of narrow pairs by Rowland should 
only be an “error,” an effect of contrast, and not a consequence 
of real asymmetry of the Fraunhofer lines, has not been proved 
by St. John. We have amply discussed these points in a paper 
on displacement of dispersion lines, communicated to the Amster- 
dam Academy at the meeting of Mafch 31, 1917.’ 

Royds’ objected to Albrecht’s method that the wave-lengths 
compared by that author for determining the displacements had 
been measured on different plates. He himself, therefore, used 
the measurements of Evershed and Royds concerning plates on 
which terrestrial and Fraunhofer lines could be directly compared, 
and found that 17 lines with companion on the red side gave a 
mean sun-arc displacement toward the red of only 0.0032 A, 
whereas 30 lines with a companion on the violet side gave a mean 
displacement toward the red of 0.0079 A. This result confirms 
substantially Albrecht’s conclusions; Royds nevertheless rejects 
the explanation, considering the differences too small, but offers 
no other solution. 

In Kodaikanal Bulletin No. 49, 155, 1916, Evershed and Royds 
allude with some reluctance to the possibile utility of taking anoma- 
lous dispersion into account; yet they assert that principle to be 
ruled out as an effective agent in displacing solar lines, because they 
believe that a close agreement in the separations of arc and solar 
double lines has been sufficiently proved. 

A. S. King* went still farther in the negation of anomalous 
dispersion as a cause of line displacement. He concluded, from a 
study with the electric furnace under conditions which he believed 


tJ. Larmor, The Observatory, 39, 103 and 230, 1916. 
2 Julius, Archives neerlandaises (III A), 5, 116, 1918. 
3 Bulletin of Kodaikanal Observatory, No. 48. 


4 Proceedings of the National Academy of Science, 2, 461, 1916; Communications 
from the Mount Wilson Observatory, No. 31; Astrophysical Journal, 45, 254-268, 1917; 
Mt. Wilson Contr., No. 130. 
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to be very favorable for the appearance of mutual influence if there 
were any, that even then no trace of such an effect was found. I 
have shown,’ however, that King misunderstood the nature of the 
expected effect. His experiments and conclusions did not bear 
on ‘‘dispersion lines.” If he had first produced true dispersion 
lines, he would have found—as I did in 1906, and B. J. van der 
Plaats, using an improved method, in 1917—that displacements 
and mutual influence of such lines may be demonstrated at will. 
It remained, nevertheless, desirable to establish the existence 
of mutual influence of Fraunhofer lines in cases where neither 
personal error nor photographic effects nor complication with 
possible errors in the determination of terrestrial wave-lengths 
could have systematically distorted the result of the measurements. 


3. MUTUAL INFLUENCE OF FRAUNHOFER LINES AS APPEARING IN 
THE LIMB-CENTER DISPLACEMENT. 

Adequate material for our purpose is to be found in W. S. 
Adams’ measurements, made on Mount Wilson, of the displace- 
ments of 467 lines in the spectrum of the sun’s limb as compared 
with the spectrum of the center of the disk,? and in similar data 
concerning 399 lines obtained at the Kodaikanal Observatory 
by J. Evershed, T. Royds, and A. A. Narayana Ayyar.3 

With very few exceptions these lines are, in the limb spectrum, 
shifted toward the red with respect to their positions in the central 
spectrum. Limb-center shifts are of the same order as center-arc 
shifts; on the average, they are a little larger. Evershed has 
convincingly shown that these displacements cannot be due to 
pressure, while the explanation proposed by himself, based on 
Doppler effect and requiring the existence of a specific repulsive 
force exerted by the earth on the solar gases, appears inacceptable. 
As it is also inconceivable that difference of gravitational potential 
should play any perceptible part in this limb-center phenomenon, 
we have anomalous dispersion left as the only basis on which to 
explain it. 

t Archives neerlandaises (III A), 5, 116, 1918. 

? Astrophysical Journal, 31, 30, 1910; Mt. Wilson Contr., No. 43. 


3 Evershed and Royds, Bulletin of Kodaikanal Observatory, No. 39, 1914; Narayana 
Ayyar, ibid., No. 44, 1914; Royds, ibid., No. 53, 1916. 
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Assuming Fraunhofer lines to be dispersion lines which in 
general are more developed on their side facing toward the red’ 
(owing to n, being, as a rule, >1), we have shown elsewhere that 
the apparent displacements of those lines with respect to the 
positions of their cores must increase from the center of the solar 
disk toward the limb. (The opportunity, indeed, for the light 
that comes from an incandescent solar core to be irregularly 
refracted and scattered by the gaseous envelope increases as we 
approach the limb.) The difference between the spectrum of the 
limb and the spectrum of the center may therefore be an almost 
pure dispersion-effect, all other causes of line-displacements at 
present known failing to require a systematic increase from the 
center of the disk outward. 

It was an important and a delicate question how to select from 
the Mount Wilson and Kodaikanal tables those lines for which, from 
the point of view of the dispersion theory, an excess or a deficiency 
of displacement toward the red was to be expected. In collabora- 
tion with Dr. P. H. van Cittert, chief assistant at the physical 
laboratory, and Dr. M. Minnaert, principal observer in the helio- 
physical department, we agreed on the following procedure. 

The columns containing the observed displacements were 
covered with strips of paper, in order to avoid that the choice 
might be influenced by a previous knowledge of the results of the 
measurements. Then the region surrounding every line occurring 
in the original tables was inspected on the atlases of Rowland and 
of Higgs in order to ascertain whether the line might be presumed 
to have an “effective” companion. The criteria for effectiveness 
employed by us will be mentioned on page 106. 

In the first column of our Tables I and II we entered the wave- 
lengths and elements, in the second column the intensities? of 
those lines of the original lists which we suspected to be appreci- 
ably influenced by neighboring lines. The Mount Wilson and 
the Kodiakanal data have been kept separate because it was inter- 

* For a systematic deduction of the properties of Fraunhofer lines from the dis- 
dersion theory we must especially refer to Proceedings of the Royal Academy of Amster- 


dam, 12, 279, 1909; Astrophysical Journal, 31, 419, 1910; Le Radium, 7, October, 
1911; Proceedings of the Royal Academy of Amsterdam, 13, 881, 1911. 


2 The intensities apply to the spectrum of the center of the disk, as given by 


Rowland. 
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esting to compare the results given by two entirely independent 
series of observations. The next four columns contain the data 
concerning neighboring lines, the third and fourth referring to 
companions on the violet side, the fifth and sixth to companions on 
the red side; the distances X—A, and A,—A of these companions 
from the lines of the first column, and their intensities, are taken 
from Rowland’s wave-length tables. The figures of the seventh 
column refer to the criteria and considerations used to decide 
on the probable effectiveness of the companions; the resulting 
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Fic. 1.—Diagram showing displacements of 128 lines having a close companion 
on the violet side (full dots) or on the red side (circles). 


forecast is indicated by V, or R, or — in the eighth column, meaning 
that we expect a repulsion from the violet side, or from the red 
side, or no effect. In the ninth and tenth columns are given 
the observed displacements 6, and 6,, expressed in 0.oo1 A, for 
the cases V and R separately. They are plotted in Fig. 1, where 
full dots represent the displacements of lines with companion on 
the violet side, circles those of lines with companion on the red side." 

That the full dots average higher than the circles is obvious at a 
glance. 


* Four dots and two circles, distinguished by a cross (), would fall out if criteria 
7 and g were not applied. 
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It should be remembered that, theoretically, for each individual 
dispersion line the magnitude of the displacement is not completely 
determined by the positions and intensities of its closest companions, 
but depends also on n, (the value which the refractive index of 
the medium would have for the examined region of the spectrum, 
if that special pair or group of lines were absent). As m, fluctuates 
along the spectrum, there will be a corresponding variation of the 
magnitude of the displacements, on which the effects of mutual 
influence ‘of neighbors are superposed.' This explains the mutual 
penetration of the swarms of full dots and circles in Fig. 1. 

Before proceeding to a numerical discussion of the result 
embodied in the diagram, we have still to mention the criteria 
used in selecting the lines. 

1. By way of initial sifting we considered a line to be probably 
influenced if it had a companion of intensity 7 (Rowland scale) 
at a distance d or less, corresponding values of 7 and d being as 
in Table III: 


TABLE III 
i d 
oand 1 o.1tA 
2,3.4 0.2 
5, 6. 7, 8 0.3 
g and higher 0.4 


These limits served only as a general guide; we departed from 
them whenever one or more of the following cases were in evidence. 
(Criterion 1 having been applied to every line of Tables I and II, 
it was unnecessary to mention it in the seventh column.) 

2. Lines of intensity >10 were omitted from the list of influ- 
enced lines, because they are only little subject to the general 
limb-center displacement ascribed by us to anomalous dispersion 
(cf. Astrophysical Journal, 40, 28, 1914), and because from our 
point of view we cannot expect their degree of asymmetry to be 
sensibly changed by close neighboring lines.—Example: \ 5167. 497, 
intensity 15, was not considered to be influenced by \ 5167.678, 
intensity 5. 

«Cf. B. J. van der Plaats, Dis persielynen (thesis, Utrecht, 1917), where the process 
is elucidated by experiments. 
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3. Deviation from the rigid limits of Table III was admitted 
when justified’ or demanded by special conditions. A companion, 
e.g., of intensity 5 at a distance of o.30A from the line under 
examination was considered effective only if other favorable 
circumstances could be indicated (cf. criteria 5, 6, 9); whereas a 
companion of intensity 8 was included even though its distance 
might be 0.31 or 0.32 A.—Example: A 3958.073, intensity 2, 
was not considered to be influenced by \ 3958. 355, intensity 5. 

4. Lines presumed to be subject to nearly equal repulsions from 
opposite sides were canceled.—Example: \ 4076.792, intensity 4, 
influenced by \ 4076.644, intensity 2, and \ 4076.959, intensity 2, 
was excluded from the list. 

5. If, on the other hand, a line is remarkably free from neighbors 
on one side, a companion on the other side may be expected to show 
a somewhat greater effect——Example: A 4469.316, intensity 1, 
is considered to be influenced by \ 4469.545, intensity 4, although 
the distance be >o.2 A. 

6. Two or more companions on the same side of a line were 
supposed to join their effects; such a group might be considered 
effective even if the individual members were not.—Example: 
d 4385. 548, intensity 2, is included because influenced by a group 
of companions on the violet side, whereas its companions on the 
red side are few and much weaker. 

7. Both the Mount W lson and the Kodaikanal observations 
show that the limb-center displacements are greatest for lines of 
medium intensity. We therefore considered it also a favorable 
circumstance for a line to be sensibly repelled by a neighboring 
line, if the intensity of the influenced line is around 5 or 6.— 
Example: A 4531.327, intensity 5, was taken to be influenced 
by A 4531.123, intensity 2, though the distance is a little greater 
than 0.2 A. | 

8. Scarcely separable double lines were excluded from the list 
of influenced lines on account of the difficulties involved in deter- 
mining their positions. Such double lines are: (a) lines resolved 
by Rowland, but treated as a whole by Adams (e.g., \ 4482.3, 
intensity 8, =A 4482.338, intensity 5, +A 4482.438, intensity 3); 
(6) lines with affix din Rowland’s table; (c) lines affixed by Rowland 
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with d?, which means “very difficult to separate’’; among these, 
however, the line \ 4035.883 was included in the list because 
Rowland, in a footnote, doubted its duplicity; (d) lines to which 
correspond, according to Rowland, two terrestrial lines belonging to 
different elements, but of scarcely different wave-lengths (indi- 
cated, e.g., thus: Ni-Fe). There are, however, exactly coinciding 
lines due to different elements (denoted, e.g., Ni, Fe by Rowland); 
these were of course not excluded if they had effective com- 
panions. The corrections and additions, published by Rowland 
in Astrophysical Journal, 2, 384, 1897, were taken into con- 
sideration. 

9. The influence exerted by slightly nebulous lines (indicated 
by s in Rowland’s table) was supposed to a be little greater than 
that of sharp lines of the same intensity.—Example: \ 4435.129, 
intensity 5, was considered to be influenced by \ 4435. 321, intensity 
2, 5, in spite of criterion 3 (but also on account of criterion 7). 

10. As illustrated by the last example, one had to balance 
and compromise whenever more than one of the foregoing considera- 
tions were applicable. 

The selection of the lines was first made independently by Dr. 
van Cittert and Dr. Minnaert, who thereupon compared their 
lists and deliberated on difficult or dubious cases. In the final 
checking of the tables I took part. 


4. NUMERICAL DISCUSSION OF THE RESULTS 

Even a superficial study of the diagram suffices to produce 
the conviction that mutual influence of Fraunhofer lines is a reality. 
Meanwhile it will be interesting to investigate how far the conclu- 
sions are corroborated on closer examination of the result. We 
shall therefore compare numerically the average influence of 
neighboring lines on the displacements with the mean limb-center 
shifts observed in the successive regions of the spectrum. 

The two curves in our diagram show those mean displacements. 
To obtain these, we have plotted, at intervals of too A, the mean 
values of all limb-center shifts' measured by Adams and by the 


t Lines of intensity >10 have been omitted. 














per ere 
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Kodaikanal observers, respectively, and drawn smooth curves 
through the points." 

In the eleventh columns of our Tables I and II are given the 
values 6,, of the ordinates of the curves at the places corresponding 
to the wave-lengths of the first column. The twelfth and thirteenth 
columns contain the values of the expressions 


5y— Sm _ 65-5 m 
D,= b, and D,= _ 


These expressions were considered preferable to 6,—6,, and 6,—5 
as a measure of influence, since the gradual progressing of dispersion- 
effects with wave-length’ was thus eliminated. D, and D, are 
‘relative departures” from the curve; we shall refer to them as 
“‘departures”’ simply.’ 

Addition of the numbers in columns 12 and 13 gives, for the 
Mount Wilson observations: 


=D,=+7.31 (18 lines)—1.08 ( 7 lines) =+6.23 (25 lines), 
=D,=+1.24 ( 4 lines)—9g.12 (19 lines) = — 7.88 (23 lines), 
~D,+=D,=—1.65 (48 lines), 


which indicates that the group of influenced lines, as a whole, had 
a small negative departure: 


i . 
48 — . 344- 


* The rather great difference between the two curves is perhaps partly due to the 
different selection of the lines. Among the Kodaikanal lines more than 94 per cent 
belong to Fe, Ni, and Ti, the rest to Ca, Na, Si, Mg; whereas the Mount Wilson 
lines are taken from a greater variety of elements. The proportion of very weak lines 
(intensity oo, o, and 1, showing as a rule smail displacements) is 21.9% in the 
Kodaikanal, and only 12.4% in the Mount Wilson number of measured lines. It is 
also possible that the average magnitude of the displacements varies from year to 
year, following the spot-cycle. 

?In a recent paper on “‘ The General Relativity Theory and the Solar Spectrum” 
by W. H. Julius and P. H. van Cittert (Proceedings of the Royal Academy of Amsterdam, 
23, 522, 1921), in which a preliminary account was given of some of the results 
mentioned in this paper, we denoted the differences themselves as “‘departures.”’ 
Our present procedure (in which, moreover, still greater care has been given to the 
selection of the lines) leads to somewhat improved numerical results, without, however, 
altering the character of the conclusions there attained. 
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Referring the individual departures to the average position of 
the group, we therefore have to apply the correction +0.0344 to 
each of them. This brings two of the negative values of D, over 
to the positive side, and we obtain: 


corrected 2D,= +7 .96 (20 lines)—o .87 ( 5 lines) =+7.09 (25 lines), 


corrected >D,= +1 .38 ( 4 lines)—8 .47 (19 lines) = — 7.09 (23 lines), 
whence the mean departure for a line with violet companion is: 


_+7-09 
25 


dD, =+0.284, 


and the mean departure for a line with red companion: 


D,= — any .308. 
23 

We are now in a position to answer the following question: 
Suppose there were no systematic influence involved in the origin 
of these departures, what would be the probability for 25 lines, 
taken at random out of our group of 48 lines, to give a mean depar- 
ture as great as 0.284, or for 23 lines to give —o. 308? 

The average value of the 48 corrected departures, irrespective 
of signs, is 

18 .68 


= ~~" =0 380; 
n= — 3 = 0-389; 


the probable value, therefore, of a single departure is 


r=pV m-n=0.8453 XO .389=0 .320, 


0.476 8 
p_ “i » of the group” is character- 


by which the “precision = - 
ized. 

Now, taking at random 25 cases out of our group, the measure 
of precision of their arithmetical mean is hV 25, hence the probable 


é r 
departure of that mean will be 7,.= . =0.066. 
25 
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Our actual selection, however, was not at random; we took 
25 lines with companion on the violet side and found a mean 


departure 
D,= +0 .284=4.30fo. 


Applying the same reasoning to the 23 lines with red companion, 


for which r,= as =0.068, we obtain 
V 23 
D,= —0 .308= — 4.50 r.. 
Since r, and r; differ very little, the probability for a departure 
to lie between +4.30 7, and —4.50 7, will be nearly expressed by 
4-4P 
— e~"dt 
V«rJo 
(in which p=hr,=o0. 477), the value’ of this integral being 0.997. 
So there is only 0.003 left for the probability that, by mere chance, 
the two selected groups should be so widely separated as they 
really are. 
The Kodaikanal observations, treated similarly, lead to the 
following equations: 
~D,= +28 .61 (30 lines)— 2.41 ( 6 lines)=+ 26.20 (36 lines), 
=D,=+ 5.69 (15 lines)—16.22 (29 lines) = —10.53 (44 lines), 
~D,+=2D,= +15 .67 (80 lines), 
whence correction: —o.1961. 
corrected 2D,= +23 .26 (27 lines)— 4.11 ( 9 lines) =+19.15 (36 lines), 
corrected 2D,=+ 3.26 (11 lines)— 22.42 (33 lines) = —19.16 (44 lines), 
D,= +0 .532 D,= —0 .435 


on an 05 _ 


r= pV 4-N=0.477 


r , r 
ro= —— =0.0 ro= =0.0719 
VY 36 795 rm 7 
D,= +6 .68 ro D,= —6.05 75 
2 6.36) . 
—ay { e~"dt=0 .999990, 
V «Jo : 


* Chauvenet, Spherical and Practical Astronomy, 2, Table IX A. 
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from which follows that in this series of observations there is left no 
more than o.oooo1 for the probability of a purely accidental sepa- 
ration, as great as observed, between the two selected groups. 

Since the Mount Wilson and Kodaikanal sets of data are 
mutually independent, the probability that they should both have 
given such a striking separation by mere chance is 0.003X0.00001. 

We may therefore conclude that the actual existence of mutual 
influence of Fraunhofer lines has been proved with a probability of 
more than 10’ to 1. 


5. CONSIDERATIONS REGARDING POSSIBLE ERRORS 


A few remarks may be added concerning the degree of certainty 
that our result reveals a real phenomenon and does not rest on 
errors of any kind. 

Bias on the part of the observers on Mount Wilson and at 
Kodaikanal Observatory is excluded because, when writing down 
the displacements, they were not aware of a possible mutual influ- 
ence of neighboring lines. The data used by us have the full 
authority of the best Mount Wilson and Kodaikanal observations. 

There was of course some arbitrariness in the fixation of the 
criteria to be used for selecting the probably influenced lines, and 
in some cases differences of opinion on the application of the 
criteria will subsist; but reasonable alterations in the sifting 
process are not likely to alter materially the character of the result. 

Uncertainties in the wave-lengths of arc lines (by which, e.g., 
Albrecht’s results might have been influenced) are not involved in 
the limb-center displacements. 

In earlier work on mutual influence the result depended on the 
accuracy obtainable in measuring the separation of close solar 
lines. Two opposite effects may affect the estimation of the 
distance between the centers of the components of the pair: the 
maxima approach each other by the partial superposition of the 
intensity-curves, whereas, on the other hand, inequality of con- 
trast on the two sides of either component may lead to overestima- 
tion of the distance. 

Evidently these errors do not enter to any appreciable degree 
in the limb-center shifts. 





arm 
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Indeed, let us assume that in the spectrum of the sun’s center the 
distance between the components of a certain pair of lines appears 
exaggerated owing to an error of estimation. The distance may be, 
say, o.3 A, and the apparent exaggeration caused by this nearness 
0.003 A. 

Let us next consider the same pair in the spectrum of the sun’s 
limb. There both components are perhaps slightly shifted with 
respect to their positions in the spectrum of the center; but as these 
shifts are of the order of 0.005 A, the separation of the I’nes can 
scarcely be altered thereby more than, say, 1 or 2 per cent of its 
original value of o.3 A. Consequently the influence which the 
proximity of the lines may have on the estimation of their distance 
must be practically identical in the two spectra: the exaggeration 
of the distance in the spectrum of the limb would also be 0.003 A. 
A mutual influence depending on errors of estimation will not 
appear in the limb-center differences. 

Any photographic effect that might perhaps influence the 
measured distance between close solar lines would also be very 
similar in both cases, since the operators have always taken care to 
give equal average intensities to the spectra of the center and the 
limb by regulating the exposure times. 

The well-established observation that neighboring lines are | 
nevertheless more distant from each other in the spectrum of the 
limb than in the spectrum of the center must therefore represent a 
real phenomenon. 

6. CONCLUSION 


It appears from the preceding discussion that, in the process 
which causes the limb-center shift of a line, the presence of a 
close neighboring line must be very momentous. Indeed, taking 
the general mean, irrespective of signs, of the relative departures 
>D, and =D, for Mount Wilson, and =D, and YD, for Kodaikanal 
(relating to 128 influenced lines in all) we find: 


p=109t7 cart sg. t5 +9 16 gen, 


This signifies that, on the average, the limb-center displace- 
ment of a line increases or decreases by two-fifths of its normal 
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amount if another line is very near. And since such dependence 
can only be explained as the result of a modification which the 
neighboring line produces in the refracting power of the medium, 
the phenomenon of mutual influence gives strong evidence in favor 
of the view that anomalous dispersion really is the dominating 
factor in determining the distribution of the light in a Fraunhofer 
line, and also, therefore, in causing the entire limb-center displace- 
ment. 

We have shown in former papers how, by irregular refraction 
and scattering, dispersion lines originate, and under which condi- 
tions they may be asymmetrical.'. The fact that the asymmetry of 
Fraunhofer lines is, as a rule, such as to represent a displacement 
toward the red would prove that the mean refractive index of the 
visible layers of the sun is greater than unity—as might indeed have 
been anticipated. 

If we take it for granted that the limb-center shifts can have 
no other cause than anomalous dispersion, we are obliged to 
assign a displacement of similar origin to the Fraunhofer lines 
of the spectrum of the center with respect to the positions belonging 
to the free periods on the sun, for the radiation coming from the 
central parts of the disk has also traveled over long distances 
through gaseous layers, although not such long distances as has the 
light coming from the limb. 

Now, the average magnitude of the measured center-arc 
displacements is very nearly what we should expect it to be in 
comparison with the average magnitude of the limb-center dis- 
placements (considering the distances which the light ‘rom the 
center and the light from the limb have traveled through dispersing 
media), provided we admit that there is no difference between the 
free periods on the sun and those in the arc on the earth. Our 
results, therefore, furnish a strong argument against the real exist- 
ence of the effect, derived by Einstein from the general relativity 
theory, viz., that the cores of the solar lines should be displaced with 
respect to the cores of the terrestrial lines by as much as o.o1 A. 


™ Cf. also, P! H. van Cittert, SpectraalverschVnselen veroorzaakt door onregelmatige 
Lichtbreking en hun Beteekenis voor de Physica der Zon, thesis, Utrecht, 1919, a French 
translation of which has appeared in the Archives neerlandaises [III A], 5, 243, 1921. 
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This subject has been amply discussed in a recent paper published 
in common with Dr. van Cittert (cf. p. 109, n. 2). 

The main conclusion to be derived from the establishment of 
mutual influence of Fraunhofer lines as a general phenomenon 
is that it seems impossible now to maintain the current interpre- 
tation of the solar spectrum. When trying to explain solar and 
stellar phenomena we are henceforth obliged to consider that 
anomalous dispersion may be a most effective agent in determining 
the observed distribution of the light in cosmical spectra. 

I desire to express my sincere thanks to Dr. van Cittert and 
Dr. Minnaert for their valuable assistance in sifting the material 
used in this investigation and in discussing the problems to which 
it gave rise. 


HELIOPHYSICAL OBSERVATORY, UTRECHT 
January 1921 








NATURAL AND MAGNETIC ROTATORY DISPERSION OF 
OPTICALLY ACTIVE TRANSPARENT LIQUIDS 
By E. O. HULBURT 


ABSTRACT 


Natural and magnetic rotatory dis persion of trans parent liquids.—F rom the electron 
theory of H. A. Lorentz a theoretical formula is derived for the rotatory power of an 
optically active medium placed in a magnetic field, neglecting the effect of absorption 
of light inthe medium. To test the theory, measurements of the angles of rotation were 
made for /imonene and for solutions of cane sugar in water, of tartaric acid in water, 
and of camphor in ethyl] alcohol, using plane polarized monochromatic light of from 
436 to 620 wp and a field strength of 6480 gauss. The formula was found to agree 
with the results for natural rotation in each case. It could be compared with magnetic 
rotation measurements only in the case of the sugar solution, and then agreement was 
found for the longer wave-lengths but for the shorter ones the theoretical values are 
somewhat too great. The discrepancy is attributed to the neglect by the theory of 
the effect of absorption. 

Refractive indices for limonene and for one to one solutions of cane sugar and tartaric 
acid in water and of camphor in ethyl alcohol, 436-620 wp, were determined. 


I. INTRODUCTORY 


In 1815 Biot discovered that certain liquids possess the power 
of rotating the plane of polarization of transmitted plane-polarized 
light. Such media are said to be optically active, and the rotation 
which they produce is termed the natural rotation. Connected 
with this from the point of view of experiment is the effect dis- 
covered by Faraday that an optically inactive medium, when sub- 
jected to a longitudinal magnetic field, also rotates the plane of 
polarization of transmitted plane-polarized light. Each of these 
two phenomena has been the subject of many theoretical and 
experimental investigations. The magnetic rotation of optically 
active substances has, however, received less attention.‘ No 
attempt is here made to summarize the work upon the varied 
phases of these problems, but reference is made to a publication 
by H. Landolt? and to one by W. Voigt? in which are discussed many 


tL. R. Ingersoll, Physical Review, 9, 257, 1917. See references contained in this 
paper. 
2 Das optische Drehungsvermégen, 1808. 
3L. Graetz (ed.), Handbuch der Elektrizitat und des Magnetismus, Band IV, 
Lieferung 2, 1915. 
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of the more important researches. We shall have occasion to 
refer at times to certain reports which have special bearing upon 
various parts of this paper. 

In the present work the magnetic rotation in optically active 
liquids has been considered. To this end four optically active 
transparent liquids were selected which differed markedly in their 
chemical and optical characteristics. The refractive indices and 
the angles of natural and magnetic rotation of the plane of polariza- 
tion of plane-polarized monochromatic light were measured for a 
series of wave-lengths throughout the visible spectrum. Theo- 
retical formulas based on the electronic theory of dispersion of 
H. A. Lorentz* have been derived, and as far as possible have been 
tested by the foregoing data. 


2. THEORETICAL 


We solve the problem theoretically by obtaining first an expres- 
sion for the natural rotation alone, and secondly an expression 
for the natural and magnetic rotations together. 

a) The natural rotation—To explain the Biot phenomenon, 
Fresnel advanced the hypothesis, which was subsequently verified 
by experiment, that the effect of the optically active medium was to 
resolve the plane-polarized beam into two components, circularly 
polarized in opposite directions, which traveled with unequal 
velocities through the medium. Drude? developed the idea that 
the electrons in such a medium, when activated by a plane-polarized 
light-wave, move in circular orbits, and obtained an expression for 
the propagation of light through the medium which was in accord 
with experiment in certain cases. P. G. Nutting? obtained the 
same equation of motion for the electron as did Drude by a some- 
what different argument. Instead of stating that a linear force 
produced a circular displacement of an electron, Nutting found it 
simpler to set up an equation which said that a linear force plus 


* Theory of Electrons, 1909. 
2 Lehrbuch der Optik, p. 388, 1906. 


3 Physical Review, 17, 1, 1903. 
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a solenoidal component is necessary to produce a linear displacement 
of the electron. In the present work we apply the idea of Nutting 
to the electron theory of H. A. Lorentz. 

We restrict the discussion to transparent media in which the 
temperature remains constant; no external magnetic field. Let 
£, n, and ¢ be the components of the displacement of the electron 
from its equilibrium position. The components of the restoring 
force with which the medium acts upon the electron are /€, fn, 
and ff. According to our plan we write the electric force acting 
upon the electron 


e(E+8 curl £). 


B is a constant which depends upon the anisotropy of the medium, 
and may be positive or negative. The charge on the electron is e, 
its mass is m. WN is the number of such electrons per unit volume. 
All quantities are expressed in c.g.s. electromagnetic units. The 
constant o, which Lorentz has shown to be approximately 1/3 for 
isotropic media, should in the present case be replaced by o;, oy, and 
o,, This would increase the complexity of the equations and 
would introduce an almost prohibitive number of unknown quanti- 
ties. We content ourselves, therefore, as a first approximation, 
with letting o be independent of the direction. 

If the axis of Z be the direction of the propagation of the light, 
we find for the equations of motion of the dispersion electron of a 
single type, 





d? { 5bE, 5Ey\ | 

moe  ExtoareNet +8( on 2) “fa, 
@? ] bE, 65E,\ 

mona e| Ext oarcNen + 8( bz -_ =) —fn, (1) 
i . bE, EF, : un 

“_" B,to4ne Net-+6( bx by ) i 





Let ¢ be the base of natural logarithms, and let all dependent 


variables of (1) contain the time only in the factor ey‘ where 


Cc. ‘ . 
x 3s the frequency, A the wave-length of the vibration im vacuo, and 
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c the velocity of light in vacuo. The solution of (1) yields two 
vibrations, circularly polarized in opposite directions, whose 
refractive indices yw, and yw, are given by the relation 








Ne? 
I TM; 
amB OT (OU (2) 
2" ee 
ct — 
wt 


The subscript s denotes the sth type of electron. ~ is the fre- 


quency of the natural undamped vibration of this electron. When 
the plus sign of (2) is used, uw is u,; when the minus sign is used, 
wis po. 

Equation (2) describes the refractive indices in terms of the 
constants of a single type of dispersion electrons. There may be 
other types of dispersion electrons in the medium with constants 
peculiar to the type, so that in the more general case the right- 
hand member of (2) may be assumed to be a summation of similar 
terms, one term for each type. For this case the complete disper- 
sion formula is 





Ne 
I TMs 
eee > > —t (3) 
eet Wl ” » 
o+—— 
wt 


We assume we are dealing with a region of the spectrum in which 
the change of the refractive index with wave-length is determined 
by the electrons of a single type, so that in the summation of (3) 
all the terms except one may be replaced by a quantity g, which 
is independent of X. Then (3) becomes, when the two formulas are 
written separately, 


Ne? 
I mm 
2nB =t~ . 1? (4) 
aT) . TM 
ot , 
M,—I 
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Ne? 
I rm 
278 vi ie (5) 
, de»? 


o+ 
ust 


If 8=o0 in (4) or (5), we obtain a quantity uw, defined by the expres- 


sion 
Ne? 
=qit ——, (6) 
a It 
poi NM 
Comparing (4), (5), and (6) we find 
Mo=V Mike, (7) 


which shows that yw, is the geometrical mean of uw, and y,. If 
the refractive index of the optically active liquid is determined 
directly by a refractometer, the numbers obtained may be inter- 
preted to be almost exactly po. 

Let 6, be the angle in radians of the rotation of the plane of 
polarization produced by a length / cm of the active liquid. It 
may be shown’ that 

On 


] =M2— Mi. (8) 
7 


Substituting (4) and (5) in (8), and making use of (7), we obtain 


am’Bl , . 
0,= x (uw2—1). (9) 
By the same reasoning as before we note that several types of 
electrons may contribute to the rotation, and therefore (9g) may be 
written in the general case, 
27 Bl 


0,= x2 


(u2—1). (10) 


This formula is in agreement with those of Drude and Nutting. 
Again, considering that only a single type of electron is important 


t Drude, loc. cit., p. 396. 
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in determining the variation of 6, with » for the region of the 
spectrum under investigation, (10) simplifies to 


6, = bl-+ 2B le - (11) 


We write 0,/ in order that the quantity }, may refer to a unit length 
of the substance. 6, is independent of A, and may be positive or 
negative. This formula is in agreement with certain known facts 
concerning the rotatory dispersion of optically active substances. 
Far from the critical frequency, determined by },, the formula 
expresses the fact that 9, varies inversely as the square of the 
wave-length. As the critical frequency is approached the rotation 
increases more rapidly than the inverse square law. This is in 
accord with fact. To be more complete, formula (11) should 
include the effect of absorption. [It is interesting to note that 
although formula (11) has been derived on the Lorentz electron- 
dispersion theory there is no theoretical reason why the same 
formula may not be applied to media whose refractive index does 
not satisfy the Lorentz dispersion equation (6). This is due to 
the fact that the refractive index u, occurs explicitly in (11) and the 
constants of the dispersion equation do not occur therein. 

b) The natural rotation combined with the magnetic rotation.— 
Suppose that the optically active medium is subjected to an ex- 
ternal magnetic field of strength H in c.g.s. electromagnetic 
units, and suppose that H is in the direction of the axis of Z, which 
is also the direction of the propagation of the light. The magnetic 
permeability of the medium is taken as unity. 

The equations of motion of the dispersion electron of a single 
type become in this case, 





te ‘ bE, dE, ] - bn ) 
Mon aoegne Net +6( > ) fé+He st? 
dm f[ bE, 5E,\ | 6 
= J 2 weet — nee > 
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These equations are solved in a manner similar to that outlined in 
(a). When the squares of small quantities are neglected, the 
angle of rotation @, expressed in radians, is found to be 


o=bl-+2"9p) Ti Hl Ne [o(us—1)+1P AM 


s 2mcm? Mo (A?— Az)? 


(13) 





The first two terms of the right-hand side of (13) are seen to be the 
contribution to @ due to the natural rotation 6, (see formula [r1]}). 
The last term is the contribution to @ due to the magnetic rotation 
which we shall call 6,. This same expression for 6, has been 
derived in a former paper." We may then write 


0=O,+0m , (14) 


where 6, is given by formula (11), and 6,, is expressed by 





1 Ne} [o(us—1)+1? 


oacm? ble (2—d2)2° (t5) 


Om = 


We note that in formula (13), for wave-lengths far removed from 
the region of critical frequency, 6, and 6, are each roughly pro- 
portional inversely to \*, and hence their ratio is approximately 
constant for various wave-lengths. This is in agreement with an 
empirical relation, first enunciated by Wiedemann,’ as the result 
of experiments on turpentine. It is seen from the formula that 
such relation is, in general, not true and at best only an approxima- 
tion, as was shown by later investigations. 


3. EXPERIMENTAL 


The determination of the natural and magnetic rotation angles 
was carried out by means of the apparatus described in the former 
paper (loc. cit.). This consisted briefly of a grating spectrograph, 
two nicol prisms, and a Ruhmkorff magnet between whose poles 
* was placed a cell containing the liquid under examination. The 
refractive indices of the liquids were measured for the wave- 

*R. A. Castleman, Jr., and E. O. Hulburt, “Magnetic Rotatory Dispersion in 
Transparent Liquids,” Astrophysical Journal, 54, 45, 1921. 

2 Pogg. Ann., 82, 215, 1851. 
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lengths 436, 546, 578, and 620 uz by an Abbé refractometer espe- 
cially arranged for the purpose. A mercury-vapor lamp with 
filters served as the source of light for the three shorter wave- 
lengths, a tungsten gas-filled lamp with a red filter served for the 
wave-length 620 uy. 

Four optically active liquids were investigated, one being an 
organic liquid limonene" and the others being solutions of cane 
sugar in water, tartaric acid in water, and camphor in ethy] alcohol. 
The solutions were prepared by dissolving 50 gm of the material in 
50 gm of the pure solvent. The three solutions were practically 
colorless, but the limonene showed appreciable absorption in the 
blue. The values of the natural rotation angles 6,, which have 
been reduced to refer to a length of 1 cm of the liquid, are shown 
by the curves 1 in Figures 1, 2, 3, and 4. The small circles are 
plotted from the observations, and smooth curves have been drawn 
through them. The natural rotation angles of these liquids,’ but 
for different concentrations in the case of the solutions, were 
measured by Nutting and by Ingersoll (Joc. cit.). In the case of 
limonene Nutting’s values, reduced to the scale of Figure 1 by 
multiplying one-tenth of the specific rotations given in his paper 
by the density 0.846, are plotted for comparison as small triangles 
in Figure 1. Ingersoll’s values, also reduced to the scale of Figure 1, 
are shown by small squares. The difference between the observa- 
tions may perhaps be ascribed to impurities in the liquid. 

The magnetic rotation angles 6, for a field strength of 6480 
gauss, shown by the curves 3 in Figures 1, 2, 3, and 4, have been 


1 Also called ‘‘carven.”’ The structural formula is: 
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obtained by taking the means of the magnetic rotations produced by 
the field direct and reversed. It was found that within the error 
of experiment the direct and reversed magnetic rotations were 
equal for all the liquids throughout the range of wave-lengths 
investigated. The observed values of 0,,, reduced to refer to 1 cm 
length of liquid, are shown by the circles of curves 3. 

The values of the refractive indices, in our notation yu,, obtained 
from the refractometer measurements at 20° C., are given in 
Table I. The error in these numbers was probably not greater 
than +0.0002. 


TABLE I 


REFRACTIVE INDEX yp, 











ny Limonene Sugar Tartaric Acid Camphor 
uu 
PO 1.4749 1.4200 1.4059 1.4108 
URS concave oe :.@772 1.4211 1.4076 1.4126 
SS ay oo aoe oe 1.4797 1.4222 1.4086 1.4130 
Mic aies toons 3 1.4902 1.4288 1.4145 1.4207 

















4. TEST OF THE THEORETICAL FORMULAE 


The two constants of formula (11) were calculated for each 
liquid by the use of two observed values of 6,, and are given in 
Table II. The curves for the natural rotations computed from 
formula (11) are shown in the figures by the curves 2 which are 
indicated by crosses and a dotted line. It is seen that the formula 
expresses the observations with fair accuracy. 


TABLE II 
bs B: 
I ao ran a ek eae —1°50 28 .gX 107", 
ee me REE °° 11.7 
Davterme OG... ........... +0°674. — 9.45 
I Siirenificks 4's00nn'ee — 2°52 13.7 


To calculate the magnetic rotations from formula (15), 4, must 
be first determined from the dispersion equation (6). This is 
possible only for those substances whose relation of refractive index 
and wave-length corresponds to equation (6). In the present 
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instance the solution of sugar in water was the only liquid of the 
four whose refractive index satisfied this relation. The constants of 
(6) for this liquid were found to be 


oa 


2 


Ne . 
Qr=0.3154, Ar=251.6 uy, was = 2.8587 X10’. 


Using 1/3 for o and introducing the observed value of 6,, at X 589 uu 
, , e 5 = 
into equation (15) gave 73730 X 107. With the constants of (15) 


thus determined, the magnetic rotations were computed throughout 
the visible spectrum and are shown by the dotted curve 4 of 
Figure 2. The discrepancy between theory and experiment for the 
shorter wave-lengths may be attributed rather to the neglect of 
absorption in the theory than to the inclusion of too few terms in 
the summations. 

In the cases of limonene, tartaric acid in water, and camphor in 
ethyl alcohol, one might test a magnetic-rotation equation given 
by Siertsema,’ namely, 


ed du 


Caml 2cdr° 


(16) 
This formula requires that the refractive-index-wave-length curve 
be determined with sufficient precision to enable one to compute 
the first derivative. The data of Table I were not numerous 
enough for such a purpose. 

To conclude, the author takes pleasure in expressing his hearty 
thanks to Dr. J. F. King for valuable assistarfce in the experimental 
work. 

Jouns Hopkins UNIVERSITY 


April 1921 


* Comm, Lab. Leiden, No. 82, 1902. 
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THE ORBIT OF 496 CAPRICORNI 
By CLIFFORD C. CRUMP 
ABSTRACT 


Elements of the orbit of 495 Capricorni have been determined with considerable 
accuracy from 74 spectrograms taken with the Bruce spectrograph at Yerkes Observa- 
tory. The period is 1.02275 days and K is 65.7 km/sec. 

The variable radial velocity of 49 6 Capricorni (a= 20" 41™5; 
5= — 16°35’; visual magnitude 2.98) was announced by Dr. V. M. 
Slipher of the Lowell Observatory in the Astrophysical Journal, 
24, 361, December, 1906. Observations of the star were begun 
at Yerkes Observatory on June 21, 1915, and continued until 
August 18, 1919. During this interval 74 spectrograms were 
made with the one-prism arrangement of the Bruce spectrograph 
attached to the 40-inch refractor. Of the total number of spectro- 
grams made, 69 were used in the determination of the radial 














TABLE I 

Element Wave-Length Element Wave-Length 
DE ee rare 4045 .975 H. ee! 4340.634 
Nr chs Kips Wintec ia 4063 .759 ae 4395 .201 
EE ene: 4071 .908 ere 4481 .400 
es 4143 .047 Pe, Zee. 5... 4549.767 
OE Ee 4271 .325 Ee inciss 4861 .527 
See eee 4326.527 

















velocities. Seed 23 and Seed 30 plates were used. The times of 
the exposures are given in column 4 of Table II. Suspecting that 
the period was about a day, I took 7 plates during the night of 
August 9, 1917. This confirmed the belief, and on several nights 
plates were secured in as rapid: succession as possible throughout 
the entire night. 

The spectrum of 496 Capricorni is designated in the Harvard 
Annals, 50, by As, and in Miss Maury’s classification in the Harvard 
Annals, 28, by Xa, b. For a spectrum of this type the lines are 
of perhaps average quality. Although there are many lines on 
some of the plates, only the best were used in this investigation. 
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The region used extended from \ 4045 to A 4861. The comparison 
spectrum was that of titanium and iron. The lines used and the 
wave-lengths adopted are given in Table I. All the spectrograms 
were measured by the writer with the exception of Plates No. 4192, 
4197, 4198, 4199, 4232, 4246, 4261, and 4630, which were meas- 
ured by Julius Lemkowitz, formerly computer at Yerkes Observa- 


tory. 
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Fic. 1.—Velocity-curve of 49 6 Capricorni with observed values 


The velocities were determined from the measurements in the 
usual manner, corrections being applied for the orbital velocity of 
the earth, the earth’s rotation, and for curvature of the lines. 
Table II contains the observed data. 

The period was determined by successive approximations as 
1.02275 days, and since 1467 cycles were completed during the 
time of observation this may be considered as definitive. 

The observed radial velocities of Table II were combined into 
normal places with phase as a basis for grouping. The weight 
of each normal place was determined on the basis of the weights of 
the plates combined to make the normal place. The largest of 
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wate Date G.M.T. 
IB4192.....| 1915 July 94847 
| 12.853 
41908 12.872 
41909 12.890 
4202 16.778 
4232. Sept. 6.615 
4240. 20.658 
42061 (et. 25.$78 
cc: 1910 May 29.888 
ee ae June 30.812 
4520... July 7.875: 
4565 Aug. 11.735 
4571 18.688 
Pe re 21.700 
4589..... 27-735 
4690... Sept. 15.633 
4668..... Oct. 16.587 
A710... Dec. 13.469 
4960..... 1917 July 20.745 
4901 ....-. 20.704 
e902 ...... 20.842 
4906...... 23.835 
4990..... Aug. 9.717 
4001 ..... 9.769 
4992 9.818 
4003..... 9.863 
4997 10.687 
4908..... 10.726 
499090....-. 10.705 
5000 10.707 
Soet..... 10.828 
5002 10.862 
5003..... 10.889 
5007 17.639 
5000..... 17.674 
5009... 17.708 
S010... 17.742 
S6It....... Ey. 773 
GOES... 5.2: 17.806 
Ds, ae 17.848 
5010 19.641 
Sy ee 19.097 
5018 19.7609 
5022 24.774 
5023 24.837 
5097 Nov. 5.487 
5540 1919 July 14.847 
5540 18.862 
5549. 21.744 
5550 21.704 

















TABLE II 
Phase | Exp. Obs. 
o4582 | 207 /B 
521 20 | My 
539 a See 
.558 a See 
.355 1 |B 
.O3I 40 My 
-779 26 B 
.213 30 |B 
.388 26 |B 
.608 20 «61C 
.Sr2 20 |C 
598 | 35 |C 
301 ss i 
339 |} 35 |C 
234 | 35 |C 
722 50 |B 
904 60 | Mk 
579 | 40 |B 
.987 6s. 1 
.O13 63 & 
0.061 se 1t; 
1.008 82 B 
0.504 60 . 
550 | 74 |C 
605 sz FC 
650 50 |C 
451 | 50 |C 
490 50 |C 
.52 : i 
561 40 |C 
592 40 |C 
626 30 . 
653 | 35 |C 
2 45 |C 
278 ae 1C 
313 | 45 |C 
340 | 45 |C 
380 40 |C 
410 40 |C 
453 | 57 |C 
193 60 |C 
256 2 IC 
328 | 105 | C 
.220 4o |C 
. 282 60 |C 
317 50 || B, Wk 
981 68 | Wk 
.go6 >. 1. 
.720 70 «6|| Wk 
.769 60 | Wk 
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— 30.40 


+40.42 
27.52 
—57.68 
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+34.30 
—63.82 
— 33.36 
— 58.06 


+17.81 


+ 53-00 
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+ 3.80 
—48.76 


+ 2.07 
+19.86 
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— 21.03 
—29.17 
—55-24 
— 57.62 
— 6.45 
—13.24 
— 24.98 
— 34.59 
— 53.04 
— 54.30 
—62.80 
+57.89 
+56.73 
+46.84 
+37.19 


+16.11 
T 5-47 
+52.72 
+58.15 
+ 54.04 
+67 .98 


+47.68 
— 4.70 
— 30.34 


—79.00 
67.56 
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TABLE IIl—Continued 








Plate Date G.M.T. | Phase | Exp Obs i Wt Ve’. O-C 
| km/sec km, sec 
IBs551 1919 July 219836 |o4812 50™ | Wk Ii} 17, —59.49 | — 0.18 
5552 21.876 852 | 53 | Wk | 10] 13} —46.29 | + 2.35 
5554 25.774 | .658 | 72 |C Q| 15] —67.52 | — 0.30 
5555 25.833 | .718 | 95 |C 9| 11] —79.28 | — 7.79 
5558 Aug. 1.708 | .433 | 60 |C o| 10| +14.69 | + 7.31 
5559 1.757 | .482 | 60 |C 1c} 10| —20.04 | — 7.39 
5500 | 1.802 | .527 | 60 1c §| 11 —39.10 | — 8.59 
5501 1.847 | .572 | 60 |C 10] 10| —54.65 | — 8.11 
5562 1.894 | .620 6 It r1| 12] —62.23 | — 2.36 
5564 8.674 240 | 75 |C 11] 12} +60.99 | + 2.32 
5565. 8.726 292 | 70 C 11 11] +48.14 | — 3.57 
5c66.....] 8.773 | .339 60 |C 11] 13) +40.19 | — 0.22 
5567.. 8.818 | .384 | 60 ke 10] 10] +24.27 | — 1.63 
55608. 8.858 | .424 | 48 |C 11| 13} + 4.69 | — 6.10 
5560 8.906 | .472 | 55 < 10] 10] — 1.52 | + 6.80 
ss7t. 18.683 | .o22 | 69 | Wk 9| o| +14.71 8.23 
S590. . 18.728 | .067 | 48 | Wk 11) 11) +36.48 | — 0.98 
5573 18.767 | .105 | 53 | Wk 10} 11) +48.46 | + 0.89 
5574 18.808 | .140 | 54 | Wk o| of +57.16 | + 1.91 





Nore.—Under observer the following letters are used: B= Barrett; C=Crump; 
Mk=G. S. Monk; My=C. A. Maney; Wk=Miss E. W. Wickham. Mr. F. R 
Sullivan assisted at nearly all the exposures. 


these sums was taken as unity and the rest reduced to this basis. 
Table III contains the data for the normal places. 


TABLE III 


No. Phase Limits of Phase Vel. | Oo-C Wt. ~ of 
| ates 
km/sec. | km/sec. 
aceon 01020 ofo0-of05 | +20.13 | —2.55 | 0.360 3 
a oe 064 0.05-0.10 | +39.83 | +2.90 . 280 2 
ae -¥33 ©.10-0.20 | +52.42 | —0.67 307 3 
Beets aici 233 ©.20-0.25 | +60.I10 +o.91 .600 5 
5 277 ©.25-0.30 | +53.38 | —1.22 . 507 4 
6 330 ©0.30-0.35 | +43.86 +0.43 $27 6 
See . 383 ©.35-0:40 | 4-20.78 | 171.57 707 5 
_ eran rae .423 ©.40-0.45 | +11.18 —~€. 09 440 3 
rere . 409 0.45-0.50 — 7.04 —©.70 720 5 
rere .521 ©.50-0.55 | —28.87 —1.38 0.707 6 
| rere tae .578 0.55-0.60 | —46.63 1.42 I .000 8 
“Aree .622 0.60-0.65 | —58.61 +1.65 0.693 5 
Ne Seprevcas esheets .656 0.65-0.70 | —05.75 +1.21 320 2 
14 719 0.70-0.75 —78.26 9.97 387 3 
15 372 0.75-0.80 | —64.82 +2.47 . 240 2 
16 812 0.80-0.85 | —59.49 +o.18 227 I 
17 .852 0.85-0.90 | —46.29 +2.35 293 I 
18.. .go0d ©.90-0.95 | —30.34 —0.09 133 I 
1Q.. .QggI 6.95-1.05 | +: 2.39 +1.03 0.507 4 
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From the preliminary curve which was drawn to represent the 
observed velocities it was found from a Lehmann-Filhés solution 
that the eccentricity was very small. Since the most probable 
values of w and T cannot easily be found from the least-squares 
solution, a study of the observations was made after the normal 
places had been formed. Different values of w were assumed and 
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Fic. 2.—Velocity-curve of 49 6 Capricorni with the normal values 


the corresponding values of T were computed by the method of 
least squares. The preliminary elements given below were adopted 
for the final least-squares solution. 


ELEMENTS 
Preliminary Final 

P=1.02275 days P=1.02275 days 

T=0.63 phase ' T=0.63 phase 

€=0.026 €=0.019+0.008 

w= 149°06 W=149°057 0°46 

K =65 .66 km/sec. K =65 .667 0.510 km/sec. 
'=—5.69 km/sec. y'=—5.817+0.563 km/sec. 


asini=925,940 km 


Assuming the constancy of the period and the epoch of periastron 
and using dy’ instead of I’ as an unknown, the normal equations 
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were formed, and the method of solution was essentially that out- 
lined by Dr. Schlesinger in Volume I of the Publications of the 
Allegheny Observatory. Thus the final elements were derived, as 
given above. 

A second ephemeris was computed on the basis of the corrected 
elements. The sum of the weighted squares of the residuals was 
reduced from 382.82 to 35.305. The probable error of a normal 
place of weight unity was determined as 1.03 km. The probable 
error of a single plate determined from the column O—C in Table II 
was found to be + 2.75 km. 

It is with pleasure that I acknowledge my indebtedness to 
Professor E. B. Frost, through whose kindness this investigation 
was made possible. 

PERKINS OBSERVATORY 

March 109, 1921 














THE SPECTRUM OF FLUORINE 
By WILLIAM R. SMYTHE 
ABSTRACT 


Preparation of fluorine gas by electrolysis of fused potassium acid fluoride——The 
method due to Mather and others of the Chemical Warfare Service is described, 
together with the necessary apparatus. The gas was purified by passing through 
sodium fluoride and a freezing trap. To protect the pump a charcoal trap was inserted. 

Visible and ultra-violet spectrum of fluorine and carbon tetrafluoride—A dozen 
previous researches had failed to determine definitely the lines due to fluorine because 
of impurities in the gas used. In this research a spectrum with foreign lines absent 
or very weak was obtained by flowing practically pure fluorine gas at atmospheric 
pressure continuously through a discharge tube with gold electrodes. Although the 
tube had a fluorite window, put on in optical contact without cement yet practically 
air-tight, and both a quartz spectrograph and a 50cm concave grating were used, 
the only fluorine lines found were ten between A 6239 and A 7034. The wave-lengths 
of these lines, determined to about o.1 A, are given and also the approximate positions 
of the heads of nine bands presumably due to CF,, between A 4829 and A 6525. 


In 1910 Kayser, in his Handbuch der Spectroscopie, made the 
statement, ‘Das Spectrum des Fluor ist noch so gut wie unbekannt.” 
Before that time Béttger' (1864) and Liveing? (1878), working with 
calcium fluoride; Mitscherlich? (1864), Ditte* (1871) and Demar- 
cay’ (1895), working with hydrofluoric acid; Salet® (1875), 
Ciamician’ (1880) and Lunt® (1906), working with silicon tetra- 
fluoride; Exner and Haschek® (1901), working with ammonium 
fluoride; and Moissan® (1889-1891), working with fluorine, had 
described lines which they assigned to fluorine. The most reliable 
of these were Lunt, who worked in the violet, and Moissan, who 
worked in the red. 


* Jahrbuch fiir practische Chemie, 65, 392-394, 1862. 

2 Proceedings Cambridge Philosophical Society (3), 3, 96-98, 1878. 

3 Poggendorffs Annalen, 121, 459-488, 1864. 

4 Comptes Rendus, 73, 738-742, 1871. 5 Spectres Electriques, 1895. 

6 Annales de Chimie et de Physique (4), 28, 34, 1873. 

7 Sitzungsberichte der Kaiserlichen Akademie der Wissenschaften, Wien (82), 2, 
425-457, 1880. 

8 Annals of the Cape Observatory, 10 (2), 5B, 1906; and Proceedings of the Royal 
Society, 75, 118, 1905. 

9 Sitsungsberichte der Kaiserlichen Akademie der Wissenschaften, Wien (100), 
20, 964-987, Igor. ‘ 

% Comptes Rendus, 109, 937-940, 1889; and Annales de Chimie et de Physique (6), 
35, 125, 1891. 
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Since that time Exner and Haschek' (1912), working with 
potassium fluoride on charcoal, have assigned 69 lines to fluorine; 
and Porlezza? (1912), working with silicon tetrafluoride, has 
assigned 78 lines to fluorine. A comparison of their results shows 
only 19 lines in common, within one angstrom of each other. 

It is evident that the spectrum of fluorine is not yet settled 
and further measurements are desirable. Apparently, since Mois- 
san’s time, no one has worked with the element itself, due probably 
to the great difficulty of preparing and keeping it. We are indebted 
to Dr. Mather and others of the Chemical Warfare Service for a 
practicable method for the preparation of fluorine. 
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A. Electrolyzing Current. E Copper Bell: I Qeygen. M Mercury Monometer 


BHeoting Current. F. Anode. J Alcohol. N. Stop Cocks. 
Thermometer. G. cretreiyts KToPump. 0. Discharge Tube. 
D Paching Cap H. Sodium fuorrde. 1L.0)/Trap. P Charcoal Tube. 
Fic. 1 


The fluorine is generated by the electrolysis of fused potassium 
acid fluoride. A heavy copper vessel, on the outside of which is 
wound a nichrome heating coil, contains the electrolyte and serves 
as the cathode. Soldered to the base of this is a block of brass, 
having a hole in which a thermometer is inserted. The whole is 
insulated with asbestos to prevent loss of heat by radiation. The 
anode is of hard electrode carbon and is inclosed in a heavy 
copper “bell” which collects the fluorine. It is insulated from the 
bell and kept in position by powdered calcium fluoride packed 


* Die Spectren der Elemente bei normalem Druck, 3, 85. 


2 Gazetla chimica Italiana, 42, 42, 1912. 
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between a fluorite and a glass washer, which is held in place by a 
brass cap. 

A 5mm copper tube on one side of the bell is open to the air 
and is annealed so that it can be pinched shut. A second copper 
tube supports the bell and carries off the fluorine, which passes 
through a copper-in-glass ground joint and a glass tube filled with 
sodium fluoride, into the purifying trap and discharge tube. 

Potassium bifluoride is placed in the generator, melted at 230°C. 
and electrolyzed with about half an ampere for several hours to 
remove the last traces of water, while a current of nitrogen passes 
from a tank through the apparatus and bell into the air. When 
fluorine is detected by its odor, the nitrogen is turned off, the copper 
tube leading to the air pinched shut, and the electrolyzing current 
increased to an ampere and a quarter. ‘The fluorine stream now 
enters the apparatus. 

Besides being mixed with oxygen and nitrogen, this fluorine 
contains hydrofluoric acid given off by the electrolyte. This is 
largely removed by sodium fluoride to protect the glass parts. 
Since fluorine combines with every element except oxygen, nitro- 
gen, and the noble gases, and since most of these compounds are 
solid at the temperature of frozen alcohol, while fluorine itself is 
still gaseous, the obvious way to purify the gas was to place a trap 
surrounded by frozen alcohol on each side of the discharge tube. 
Fluorine does not affect clean, cool, dry glass; so by passing a 
stream through the discharge tube for several hours, all spectro- 
scopic impurities except nitrogen will be removed. 

To prevent corrosion of the pump and contamination of the 
air in the room, the fluorine passed from a second trap into a bulb 
half-filled with charcoal, with which it combined violently, forming 
carbon tetrafluoride. In this reaction the charcoal glowed, shot 
off sparks, and generated so’ much heat that it was necessary to 
keep the point of combustion away from the walls of the bulb, as 
shown in the diagram; otherwise the carbon tetrafluoride reacted 
with the glass, forming carbon dioxide and silicon tetrafluoride. 

Three types of discharge tubes were used. All were provided 
with a fluorite window. We could find no cement which was not 
attacked by fluorine. Hence the window was put on in optical 
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contact without cement. Mr. Pearson polished the fluorite plate 
and glass flange until the usual tests showed them to be flat within 
.cooorcm. ‘They were then cleaned, placed in contact and pressed 
together until there was no light reflected from the junction sur- 
face. ‘Tests showed that it required two weeks for the pressure 
in such a tube to rise from an X-ray vacuum to one millimeter. 
The outside of the joint was painted with shellac to prevent it from 
slipping and to stop inward leakage: Absolutely no trouble was 
experienced due to the negligible amount of fluorine which reached 
and attacked the shellac. 

The first tube tried was of the electrodeless type shown in Fig- 
ure 2. Working at a pressure of about 5 mm we could obtain only 








Fic. 2 FIG. 3 


band spectra in this tube without heating it to the point where the 
fluorine attacked it. The charcoal used in this run flared back 
into the alcohol trap, thus contaminating the contents with carbon 
tetrafluoride. The photograph on the quartz spectrograph showed 
a continuous spectrum from 2400 A to 2g00 A, nitrogen bands 
from 2900 A to 4400 A, a set of nine bands, sharp on the violet 
side, between 4500 A and 6500 A, and five of the fluorine lines. 
The bands are listed in Table III as carbon tetrafluoride bands. 

The second tube, shown in Figure 3, contained electrodes of a 
gold-palladium alloy. The heavy metals, which resist fluorine, 
sputter badly, so that a tube of ordinary pattern soon becomes 
short-circuited across the sputtered walls. The second tube was 
designed to avoid this, but, in so doing, its resistance was made so 
high that the energy required to operate it heated the capillary 
beyond the safety point. This resulted in the contamination of 

















THE SPECTRUM OF FLUORINE 137 


the spectrum by lines due to most of the elements in the glass, 
especially silicon. The pressure in the tube was about 5mm. At 
lower pressures the fluorine disappeared rapidly; at higher pres- 
sures the resistance increased. ‘The photographs of this tube show 
about 500 lines, including most of those due to fluorine. 

The third tube, shown in Figure 4, was designed to operate 
with a steady stream of fluorine at atmospheric pressure. The 
electrodes are of gold on platinum wires. By avoiding self-induction 
and capacity it was found possible nearly to eliminate metal lines 
and to obtain the gas lines fairly narrow. A tube of distilled water 
of 1 square cm cross-section and 60 cm 
long served asa resistance in the spark 
circuit. With this arrangement it was 
found possible to run the tube for eight 
hours without perceptibly heating it. 
The absence of a capillary reduced the 
action on the glass, and such impurities as were formed were carried 
out by the stream of fluorine at once. Spectra from this tube show 
only slight traces of silicon lines in the extreme ultra-violet, or 
none at all. 

A large transformer, operating on a 110-volt A.C. circuit, fur- 
nished the discharge current for the first two tubes. The third 
tube was operated by an induction coil giving a 6-inch spark on 
a 15-volt storage battery circuit. 

Two spectroscopes were used. The first was an Adam Hilger 
quartz spectrograph of the standard type, and the second a grating 
instrument having a 4-inch concave grating of 50 cm focal length, 
with a dispersion of 24.88 A per mm. This grating, ruled for 
vacuum work in the extreme ultra-violet, throws practically all the 
light into the first order and is faster than any other grating in the 
laboratory. This is important, as the source of light is quite weak 
and the plates were slow in the red. 

We used Wratten and Wainwright Panchromatic Plates, treated 
with a solution of 3.5 cc NH,OH in 100 cc H,O to increase the speed 
and sensitiveness in the red. For the grating we used Wratten 
and Wainright Panchromatic Films, treated in the same way. 
The quartz exposure was two hours and the grating exposure six 


FIG. 4 
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hours. All the lines in Table I except the longest were obtained 
on both instruments. The longest line appeared only on the 
quartz plate when heavily exposed. Its wave-length is computed 
by the Hartman interpolation formula and is accurate to about 
1 A. The line at \ 6772.3 is very broad, perhaps double, and is 





TABLE I 
PORLEZZA SMYTHE MoIssAN 
Int. Int. Int. 
6230.75 10 6239.4 10 623 Strong 
6348.73 10 6348.8 9 634 Strong 
0413.95 10 0414.1 5 0405 Strong 
6091.24 ee NEC e eee) Ce eereceecrrr: ae Pe) oe re 
6775.38 6 6772.3d? 2 677 Strong 
6834.1 2 6835 Medium 
6855.3 6 6855 Medium 
6868.8 2 6875 Medium 
6901 .6 e. Wiunehie Rh: nasa 
6909.1 I 601 Medium 
7034. I 704 Medium 


accurate to about o.5 A. The other lines are accurate to o.1 A. 
The copper and zinc lines from a brass arc photographed on each 
side of the fluorine lines served for comparison. No lines whatever 
appeared in the violet, but weak lines might have been present 
and covered up by the nitrogen bands. ‘The lines in the red 
follow in international units. 

As previously mentioned, a set of bands shading toward the red 
and supposed to be due to carbon tetrafluoride was photographed 
in the first tube. The approximate position of the heads of these 
bands is as follows: 


TABLE II 
Int. Int 
0525 10 5745 5 
6500 5 5411 5 
6209 °? fe) 5105 3 
6108 Io 4529 I 
5860 I 


In conclusion it may be said that fluorine has a characteristic 
spectrum in the red which is well established but that in the violet 
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the situation is still confused. Apparently it has no spectrum in 
the green and yellow. Our plates, showing only fluorine and 
nitrogen, were blank in this region. It may be that a more power- 
ful discharge than was possible with our tubes will bring out the 
violet lines. 

Thanks are due Mr. Bowen and Dr. Aronberg, who assisted in 
manipulating the apparatus and in computing, and special thanks 
are due Dr. Gale, who supervised these investigations and whose 
suggestions have been invaluable. 


UNIVERSITY OF CHICAGO 








ON THE ACCURACY WITH WHICH MEAN PARALLAXES 
CAN BE DETERMINED FROM PARALLACTIC AND 
PECULIAR MOTIONS' 

By HENRY NORRIS RUSSELL? 

ABSTRACT 


Accuracy of mean parallaxes determined from parallactic and peculiar motions.— 
Assuming that the stars in the group are all at practically the same distance and that 
the velocities are distributed according to Maxwell’s law, it is shown theoretically 
that the probable errors in the mean parallaxes determined by the two methods are, 
respectively, #1.035 Vx/Vo\/n and +0.721 x/\/n. The ratio is 1.44 V/V. and 
depends only upon the average value of the peculiar velocities, V, since V,is the velocity 
of the sun. It follows that for Cepheids, stars of types A and B and others with 
peculiar velocities less than 14 km, the parallactic motions give the better result, while 
for stars moving faster the peculiar motions should be used. The formulae also show 
that results of value may be obtained from rather small groups. 

Statistical study of 180 stars of tvpes Bo to B5.—The mean peculiar velocities, 
radial and tangential, are 6.5 km and 0%0076; the mean parallax computed from 
parallactic motions is 070083 (#:), and from peculiar motions 070058 (#2). From zy 
and the mean visual magnitude, 4.08, the mean absolute magnitude comes out —1.38. 
The probable errors for the determinations of parallax agree closely with those to be 
expected from the foregoing theory. The lower value of +, compared with x; is prob- 
ably due to the inclusion of unknown binaries for which the observed peculiar motions 
are too large. 


If the proper motions ande radial velocities are known for a 
group of stars the mean parallax may be found in two ways. 
Resolving the proper motions into two components, v toward 
the solar apex, and 7 at right angles to this, and clearing the radial 
velocities of the solar motion so as to get the peculiar velocities 
V, we have the familiar equations 

m=, 7 (x) 
V. sin? d V 
where as usual the horizontal bars denote mean values, and where 
the means for 7 and V are taken regardless of sign while V, is the 
velocity of the sun’s motion in space, and, like V, is expressed in 
astronomical units per year. 

To examine the accuracy of the two methods we may suppose 
that we are dealing with a group of stars which are all at sub- 
stantially the same distance (so that we have to consider only 
the statistical errors resulting from the fact that the “law of 


* Contributions from the Mount Wilson Observatory, No. 215. 
2 Research Associate of the Mount Wilson Observatory. 
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averages”’ does not apply exactly to small groups) and that the 
velocities of the stars are distributed according to Maxwell’s law, 
so that the components in the directions of v, 7, and V obey the 
Gaussian law of errors, the probable errors defining the distribu- 
tion being 0.845 V for the velocities and 0.845 V for the proper 
motions. Let ” be the number of stars. The ordinary formula 
gives for the probable error of m as derived from the first equation 


pes Ae 
Vo" m sin? d 
If the stars are distributed uniformly over the celestial sphere 
the value of sin? \ is 3; if they are close to the Galaxy, it will be 
approximately $. Taking the former value, we have 
ret Rd (2) 


‘s™ ~ Wy 
Vn Ve 


For the second equation, the statistical error arises from the 
fact that the individual average values of 7 or V, for groups of 
stars, will not be identical with the averages for an indefinitely 
large number of cases. 

The formula in this case is long established, but hardly familiar, 
and the proof is so simple that it is worth giving. Let 2, v.,.... 
v, be any set of m quantities (all positive), selected at random from 
a great number, distributed according to the law of errors, whose 
arithmetical mean is 7 and whose mean square value is e. It is 
well known that 


The square of the deviation between the mean of these particular 
quantities and the mean for an infinite number is 


a(t P oe ee HI Mn)?. 


In the individual case this may have any value; but suppose we 
take the means for a great number of trials. The result may be 
obtained by expanding, substituting ¢ for each squared term in the 
result, such as v?; 7 for v in each term of the first degree, and 7? 
for each product such as 2,v, (since’in these terms large and small 
values of v occur indiscriminately and the large ones do not multiply 
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themselves as in the case of v7). We thus find for the mean of 
the squares of the deviations: 


_ 9 


I I T 
€, =, (né-+ n(n—1) 4? — 2n*n?-+ nn?) =—(e — 7?) = P 
ne tm )n PO Fh -——4 


Although the distribution of these deviations for individual stars 
does not at all follow the Gaussian law, that of the means of a group 
of six or more will probably do so very closely.!. We may, there- 
fore, use the ordinary formulae for computing the probable error 
of deviation of an individual mean of » quantities from the standard 


value 7. 
lr —2 0.510 
r=+0.675 =+-- 3 
42 on n "70 uy] (3) 
ml —" ‘ - 0.510 
The statistical probable error of 7 will therefore be + T, 
Vn 


while that of V will be + Since the errors are independent 


0.510 — 
7 V. 
of one another and proportional to the whole quantities concerned, 
the probable error of their quotient, 7,, will be 
yy te T2 (4) 
Vn 
Comparing this with (2), we have 
rx V 
r, 4 Y, (5) 

The relative precision of the two methods depends only upon 
the average magnitude of the peculiar velocities (assuming, to be 
sure, that the sun’s motion relative to the stars under considera- 
tion is accurately known). If the average peculiar velocity of the 
stars is less than 14 km, the parallactic motion gives the better 
result; otherwise the peculiar motions do so. 

The actual law of distribution of velocities is not Gaussian, 
large velocities being in excess. ‘This will operate to increase some- 
what the numerical coefficients in (1) and (2) but should not 
greatly affect their ratio. 

Similarly, in any actual group of stars, there will be real differ- 
ences in parallax between the members, which will also introduce 
a statistical error into the determination of the typical mean from 
small samples, even though the individual parallaxes are exactly 


* Compare Schlesinger, Astron. Journal, 30, 185, 1917. 
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known, but this again operates to increase the probable errors given 
by both methods without much effect on their relative accuracy. 

It follows that the parallactic motion affords the best means of 
determining the mean parallaxes of stars of spectra A and B, 
of Cepheids, and of other slow-moving stars. For the general run 
of naked-eye stars of the “later” types the two methods are about 
equally good, while for planetary nebulae, long-period variables, 
and other rapidly moving objects, the peculiar velocities afford 
the best solution. Results of value should be obtainable from 
rather small groups; thus the peculiar motions of ten stars give 
the mean parallax with a probable error of 23 per cent of its own 
value (so far as the statistical errors go); and the parallactic motions 
for slow-moving stars should give a considerably better value. It 
should further be noticed that the accidental errors of observation 
of both radial velocities and proper motions will increase the arith- 
metical mean values V and 7, while their influence upon the algebraic 
mean used in finding z will be much diminished. This is not, how- 
ever, a serious matter, for, if the magnitude of the errors of observa- 
tion is known, their effect may be removed from both V and +r by 
well-known methods, and, in any case, both are increased, and the 
errors tend to compensate one another in their quotient 7,. 

As an example of these principles, the 180 stars of spectra Bo 
to Bs for which the quantities V and 7 are given by Campbell" were 
divided into equal groups of ten stars each. To secure a random 
distribution, the first, nineteenth, and thirty-seventh stars, etc., were 
combined to form one group, the second, twentieth, and thirty- 
eighth were in the next, and so on. The results are given in 
Table I. 

Each line of this table (except the last three) gives mean values 
for one of the eighteen groups of ten stars. The first column gives 
the mean of the visual magnitudes; the second, that of the spectral 
classes; the third, that of the peculiar radial velocities (corrected 
for the solar motion and K-term according to Campbell’s solution 
III); and the fourth, that of the 7 components. In the fifth 
column are the mean parallaxes 7, computed from the peculiar 
motions by equation (1); in the sixth, the values 7, found from 


t Lick Observatory Bulletin, 6, 101-124, 1911. 
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the parallactic motions; and in the last column, the absolute 
magnitudes corresponding to the parallaxes in the preceding 
column and the apparent magnitudes in the first. 

The last three lines of the table give, respectively, the means 
of the quantities in the columns above, the probable error of one 
of those quantities computed in the usual way from the deviations 
from the mean, and the ratio of the probable error to the general 
mean in the cases where this is significant. 














TABLE I 
| | 

= 

Magnitude | Spectrum | en ee 
ee B3.5 oe 0”0006 o”00g1t | 00087 —I.I 
US ee 3-4 6.2 43 33 | 66 —1.5 
Se Sere 2.1 7-4 49 3% 69 =—{.9 
OS Sapo e 2.3 10.4 68 31 04 —.1 
re 2.3 6.8 122 92 03 —1.2 
ek. ee 2.9 6.4 55 4I go ~S.% 
= re | 4.6 84 87 103 —I.1 
Se 3.6 9.0 73 38 71 —1.0 
| re 2.4 6.9 52 30 72 —I.9 
eee 4.4 4.0 72 74 51 — 2. 
SS 2.7 6.4 68 50 65 =~. 5 
eS er 3.9 5.0 77 74 IOI —o.8 
ee 3.0 7.0 105 rh 93 —I.1 
Sey 3.9 7.2 04 61 96 —o.8 
Ser 2.0 0.1 56 43 62 —1.9 
ere 3.4 5.8 79 65 88 —0.9 
2” Soe 3.0 5-9 907 78 100 — 2 
oe Serer ..* 6.6 64 46 Qo —1.2 
Means.........4.08] B3.0 6.5 0%0076 | 070058 | 00083 —1.38 
P.E.oneentry+o.22| +o0.41 +=1.0 |+0.00155|+0.00144|/+0.00105| 0.32 
eee eee 0.15 |=0.20 0.25 oo) nt ee 























The “probable errors”’ for the mean magnitude and spectral 
type indicate only the degree of statistical similarity between the 
various groups, which is fairly high; but those for the next four 
quantities afford a practical test of the applicability of the theory 
developed above. From equation (3) the ratio of the probable 
error of one of the tabular values of V or 7 to the average value of 
these quantities should be 0.16. This is substantially the case 
for V. The greater variability found for r may reasonably be 
attributed to real differences in the mean parallaxes of the various 
groups (which were assumed to be the same in deriving the for- 
mulae). Equation (4) gives +0.23 as the value to be expected for 
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7, and equation (2) *o.11 as the expectation for 7, The agree- 
ment in both cases is remarkably close. 

There is, however, a remarkable difference between the means 
of w, and z,, the latter being only 70 per cent of the former. Only 
three of the twenty values of 7, are greater than the mean for 7,, 
and only one value of 7, is smaller than the mean for z,. The 
discordance must therefore arise from some real cause, and there 
can hardly be a doubt regarding its origin. Campbell calls atten- 
tion’ to the fact that the observed values of V must be systematic- 
ally too great on account of the inclusion in the lists of some 
undetected spectroscopic binaries for which the greater part of 
the observed velocity is due to orbital and not to systematic motion,’ 
and of the probable variability of the K-term from one star to 
another; and Kapteyn’ has pointed out that the accidental error 
of observation, which he finds to correspond to a probable error 
of +2.1 km for the well-observed stars, must also operate to 
increase them. 

Campbell adopts the value 6 km instead of 6.5 for V, which would 
raise 7, to 0%0063. 

To obtain full accordance with 7,, it would be necessary to 
reduce V to 4.5 km, which seems too large an allowance for these 
corrections, especially when it is considered that Boss,4 from more 
than twice as many stars of the same spectral class, finds that the 
7 components correspond to a peculiar velocity of 6.3 km. 

It is obvious, however, that the parallactic motions give much 
the better result in the case of the B-stars, irrespective of this uncer- 
tainty; and Kapteyn has based his classical work almost entirely 
upon them. 

For rapidly moving stars, however, the peculiar motions are rela- 
tively much less influenced by such minor sources of error as have 
just been described, and by their use reliable values for the mean 
parallax can be obtained from groups of stars of moderate number. 

Mount WILson OBSERVATORY 

July 2, 1921 


t Op. cit., p. 121. 

2 There are 53 of Campbell’s 180 stars for which his notes indicate that the 
radial velocities are of inferior accuracy. The mean V for these is 7.5 km; for the 
remainder, 6.1km. Hence the effect of this correction is small. 

3 Astrophysical Journal, 40, 71, 1914. 4 Astronomical Journal, 26, 198, 1911. 
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Tables du mouvement képlérien, premiere partie. By F. BoQuet. 
Paris: A. Herman et fils, 1920. 8vo. pp. vi+205. 

These tables, published with the aid of a grant from the Académie 
des sciences, contain the true anomaly and the logarithm of the radius 
vector in elliptic orbits whose eccentricities do not exceed 0.49. These 
are the third tables for the true anomaly and the second for the radii 
vectores that have been published within eight years. The first of 
these, by Schlesinger and Udick, appeared in the Publications of the 
Allegheny Observatory in 1912; they give v (the true anomaly) for each 
degree in M (the mean anomaly) and each o.o1 in e (the eccentricity). 
They go as far as e=o0.77. The second tables are by J. Peters of the 
Berlin Rechen-Institut (also published in 1912); they give the values of 
v—M to ofo1 and the logarithm of r (the radius vector) to o.ooo1 for 
each degree of M and each 10’ in ¢, sin ¢ being equal toe. They extend 
as far as ¢=24°, equivalent to e=o.407. The present tables use the 
true anomaly as one of the arguments, and give M to ofoo1 and log r to 
©.00oo1 for each degree in v and each 0.01 ine. The use of the true 
anomaly as an argument instead of the mean anomaly is no real incon- 
venience, although it may appear to be so at first sight. To be sure, 
we almost always enter such tables with M (which depends directly upon 
the time), and we must therefore subtract the fractional part of the 
nearest M in the table from the given M in order to obtain the interpolat- 
ing factor, or the fraction by which it is necessary to multiply the tabular 
difference; we then add this product to, or subtract it from the tabular 
v. In the present tables this last operation is really eliminated since 
the v’s are all given to whole degrees, so that what this arrangement does 
is merely to substitute a subtraction in M for an addition or subtrac- 
tion in 2. 

The Allegheny tables were primarily intended for spectroscopic 
binaries, and the Institut tables for asteroids; both of them, as well as 
the present tables, however, can be used for either purpose and for visual 
binaries in addition. Computers who deal extensively with any of these 
classes of objects will do well to have all three tables within reach. 

In connection with each value of the mean anomaly, M. Boquet 
prints two tabular differences; the first is for two successive values of 
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v and the same value of e; the second is for two successive values of e 
and the same value of v. The Allegheny tables give only the former 
difference, the Institut tables give neither; but in both cases the tables 
are printed in such a way as to make these differences less indispensable. 
Thus, in the Allegheny tables, seven values of e can be put on a page with 
the corresponding v’s in close juxtaposition; in the Institut tables, as no 
differences at all are given, it is found possible to put thirteen values of 
e on each page. In M. Boquet’s tables only two values of e are on a 
page. 

These tables were calculated in an interesting way that seems to 
be well known to the computers of perturbations, but which may be 
new to some readers. The differential coefficient of the mean anomaly 
with respect to the true anomaly is 


(1—e?)2+ (1+ cos 2). 


This can be very easily computed for a fixed value of e, and with v=o°s, 
1°5, 2°5, etc. Adding up these coefficients in succession it is obvious 
that we thus obtain approximations to the values of M for successive 
values of v that differ by 1°; these approximations may be made accurate 
by allowing for differences of the second and higher orders; or we may 
avoid calculating the higher differences by computing v for frequent 
values of M, say every tenth degree, and using the differences only over 
these shorter spans. M. Boquet has pursued a middle course by allowing 
for second-order differences only, and by checking his additions at 
intervals of 45°. This method is obviously of general application (and 
helps greatly to avoid errors) whenever the differential coefficients are 
easy to calculate, and when in addition the differences of higher order 
are not too great. This is the reason why the present tables use v as 
the argument instead of M. 

The differential coefficient of the logarithm of the radius vector with 
respect to the true anomaly is 


; ‘2 
a constant X sin v+ ({-+00s :), 


which is likewise easy to compute for fixed values of e or for fixed 
values of 2. 

In order to give additional accuracy, M. Boquet has put a + or a— 
after some of his tabular numbers; the former when the two neglected 
decimals are between 20 and 49, the latter when the tabular number has 
been increased from any decimal between 50 and 79. In the reviewer’s 
opinion it would have been better to print instead an additional decimal. 
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Doubtless the objection that M. Boquet (and others who have used this 
device) would urge against the additional decimal is that it would entail 
considerable labor to make sure that this decimal is always the nearest 
one. But this same objection partly applies to putting + or — after a 
number, as it must sometimes be doubtful whether such a sign should 
be added or left off. Besides, computers should not fear to publish 
tables in which, if need be, the tabular numbers are occasionally in error 
by a little more than half a unit in the last printed place, though there 
seems to be a tradition against doing this that few tables have had the 
courage to disregard. But if in any set of tables the last printed place 
is not always the very nearest, a general statement to that effect should 
be made. ‘The use of + and —, with occasional blanks, spoils the looks 
of the page, and does not save any expense. 

It is a great pleasure to welcome after an absence of five or six years 
the return of the good quality of paper to which we are accustomed in 
French publications. 

FRANK SCHLESINGER 


February 21, 1921 





